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CANONICAL BASES FOR THE QUANTUM EXTENDED KAC-MOODY
ALGEBRAS AND HALL POLYNOMIALS
GUANGLIAN ZHANG
Abstract. In this paper, the singular Ringel-Hall algebra for a tame quiver is introduced and
shown to be isomorphic to the positive part of the quantum extended Kac-Moody algebra. A
PBW basis is constructed and a new class of perverse sheaves is shown to have purity property.
This allows to construct the canonical bases of the positive part of the quantum extended Kac-
Moody algebra. As an application, the existence of Hall polynomials for tame quiver algebras
is proved.
0. Introduction
The early nineties of the last century witnessed the invention of canonical bases independently
by Lusztig [L1, L2, L3] and by Kashiwara [K]. Since then, canonical bases have been playing
a vital role in representation theory of quantum groups, Hecke algebras, and quantized Schur
algebras [A, BN, LXZ, F1, F2, Ro, VV].
Around the same time Ringel–Hall algebras (of abelian categories) were introduced by Ringel [R2]
in order to obtain a categorical version of Gabriel’s theorem [BGP]. Ringel [R1] showed that the
Ringel–Hall algebra of the category of finite-dimensional representations over a finite field of a
Dynkin quiver, after a twist by the Euler form, is isomorphic to the positive part of the quan-
tum group associated to the underlying graph of the quiver. This was generalised by Green [G]
to all quivers, with the whole Ringel–Hall algebra replaced by its subalgebra generated by the
1-dimensional representations (the composition algebra).
The above relationship between Ringel–Hall algebras and quantum groups enabled Lusztig to
give geometric construction of canonical bases by using quiver varieties [L1, L2, L3]. For finite
types he also has an algebraic construction [L4], and this was generalised to affine types by Lin,
Xiao and the author in [LXZ]. The approach of Kashiwara is combinatorial [K].
In this paper we study canonical bases for quantum extended affine Kac-Moody algebras. We
follow Lusztig’s geometric approach. For this purpose, we introduce the singular Ringel–Hall
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algebra. Thanks to a theorem of Sevenhant and Van den Bergh [SV], the whole Ringel–Hall
algebra H(Q) of a tame quiver Q can be obtained from the composition algebra C(Q) by adding
some imaginary simple roots. The singular Ringel–Hall algebra Hs(Q) will be defined as a sub-
algebra of H(Q), obtained from C(Q) by adding certain imaginary simple roots. It will be shown
that Hs(Q) is isomorphic to the positive part of the quantum extended Kac-Moody algebra of
the underlying graph of Q. To construct the canonical bases, we start with constructing a PBW
basis and, as in [L1], proving that certain perverse sheaves over the associated quiver varieties
have the purity property. It then follows that certain elements in the singular Ringel–Hall alge-
bra associated to these sheaves form the canonical bases. In [KS], Kang and Schiffmann obtained
canonical bases of quantum generalized Kac-Moody algebras via construct a class quiver with
edge loops. An important difference between our construction and Kang and Schiffmann’s con-
struction is that our canonical bases are made of simple perverse sheaves rather than semisimple
perverse sheaves, that is, our canonical bases coincide with classical canonical bases of Lusztig’s
version.
This work is another motivated by the application of canonical bases of the Fock space over
the quantum affine sln in the study of decomposition numbers: the Lascoux–Leclerc–Thibon
conjecture [LLT] which was solved by Ariki [A], and the Lusztig conjecture for q-Schur algebras
by Varagnolo and Vasserot [VV]. These Fock spaces are of type A and lever 1. Those of type
A and of higher levers are studied in [A, KS] and other papers. Our aim is to solve Lusztig’s
conjecture for q-Schur algebras of other types. The first step is to find the appropriate Fock
spaces. We propose that the quantum extended affine Kac–Moody algebra modulo certain
elements corresponding to unstable orbits in Nakajima’s sense , considered as a module over the
quantum affine algebra, is the Fock space. For type A, this is verified. Our forthcoming work
are canonical bases for generalized Kac-Moody Lie algebra, and understand quantum geometric
Langlands duality by using our results about canonical bases.
The paper is organized as follows. In §1 we give a quick review of the definitions of Ringel-
Hall algebras and Double Ringel-Hall algebras. In §2 we define the singular Ringel-Hall algebras
Hs(Λ) and study the relations between the singular Ringel-Hall algebras and the quantized
universal enveloping algebras. We prove Proposition 2.2.1 and from this, we point out that
the quotient of the singular Ringel-Hall algebras modulo unstable orbits is isomorphic to q−
Fock space in the case of type A. In §3 we show that the singular Ringel-Hall algebra Hs(Λ)
is isomorphic to the positive part U+ of the quantum extended Kac-Moody algebra. In §4 we
construct the PBW type basis for the positive part U+ of the quantum extended Kac-Moody
algebras. In §5 we give the main theorem of this paper, that is, a description of the canonical
basis of Hs(Λ) ∼= U+. In §6 we prove that the closure of semi-simple objects in Ti have purity
property. In §7 we study the fibres of p3. We also give a new class of perverse sheaves with
purity property. In §8 we give the proof of Theorem 5.1.1. In [H], A.Hubery proved the existence
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of Hall polynomials on the tame quivers for Segre classes. In §9, by using the extension algebras
of singular Ringel-Hall algebras, we give a simple and direct proof for the existence of Hall
polynomials for the tame quivers.
Acknowledgments. I would like to express my sincere gratitude to Hiraku Nakajima, Xinwen
Zhu and Jie Xiao for a number of interesting discussions.
1. The Ringel–Hall algebra
Throughout the paper, let Fq denote a finite field with q elements, and k = Fq be the algebraic
closure of Fq.
1.1. A quiver Q = (I,H, s, t) consists of a vertex set I, an arrow set H, and two maps s, t :
H → I such that an arrow ρ ∈ H starts at s(ρ) and terminates at t(ρ). The two maps s and
t extends naturally to the set of paths. A representation V of Q over a field F is a collection
{Vi : i ∈ I} of F -vector spaces and a collection {V (ρ) : Vs(ρ) → Vt(ρ) : ρ ∈ H} of F -linear maps.
Let Λ = FqQ be the path algebra of Q over the field Fq. Precisely, Λ is a Fq-vector space with
basis all paths of Q (including the trivial paths attached to all vertices), and the product pq of
two paths p and q is the concantenation of p and q if s(p) = t(q) and is 0 otherwise. The category
of all finite-dimensional left Λ-modules, or equivalently finite left Λ-modules, is equivalent to the
category of finite-dimensional representations of Q over Fq. We shall simply identify Λ-modules
with representations of Q, and call a Λ-module nilpotent if the corresponding representation is
nilpotent. The category of nilpotent Λ-modules will be denoted by modΛ.
The set of isomorphism classes of nilpotent simple Λ-modules is naturally indexed by the set
I of vertices of Q. Hence the Grothendieck group G(Λ) of modΛ is the free Abelian group ZI.
For each nilpotent Λ-module M , the dimension vector dimM =
∑
i∈I(dimMi)i is an element
of G(Λ).
The Euler form 〈−,−〉 on G(Λ) = ZI is defined by
〈α, β〉 =
∑
i∈I
aibi −
∑
ρ∈H
as(ρ)bt(ρ)
for α =
∑
i∈I aii and β =
∑
i∈I bii in ZI. For any nilpotent Λ-modules M and N one has
〈dimM,dimN〉 = dimFq HomΛ(M,N) − dimFq ExtΛ(M,N).
The symmetric Euler form is defined as
(α, β) = 〈α, β〉 + 〈β, α〉 for α, β ∈ ZI.
This gives rise to a symmetric generalized Cartan matrix C = (aij)i,j∈I with aij = (i, j). It is
easy to see that C is independent of the field Fq and the orientation of Q.
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1.2. The Ringel–Hall algebra. Let Q be a quiver, and FqQ be the path algebra of Q over
the finite field Fq.
Let v = vq =
√
q ∈ C and P be the set of isomorphism classes of finite-dimensional nilpotent
Λ-modules. The (twisted) Ringel–Hall algebra H∗(Λ) is defined as the Q(v)-vector space with
basis {u[M ] : [M ] ∈ P} and with multiplication given by
u[M ] ∗ u[N ] = v〈dimM,dimN〉
∑
[L]∈P
gLMNu[L].
where gLMN is the number of Λ-submodules W of L such that W ≃ N and L/W ≃M in modΛ.
Its subalgebra generated by {u[M ] : M is a simple nilpotent Λ module} is called the composition
subalgebra of H∗(Λ) or the composition Ringel–Hall algebra of Λ, and denoted by C∗(Λ). The
Ringel–Hall algebra H∗(Λ) and the composition algebra C∗(Λ) is graded by NI, namely, by
dimension vectors of modules, since gLMN 6= 0 if and only if there is a short exact sequence
0 → N → L → M → 0, which implies that dimL = dimM + dimN . Following [R3], for any
nilpotent Λ-module M , we denote
〈M〉 = v− dimM+dimEndΛ(M)u[M ].
Note that {〈M〉 |M ∈ P} is a Q(v)-basis of H∗(Λ).
The Q(v)-algebra H∗(Λ) depends on q(= v2). We will use H∗q(Λ) to indicate the dependence
on q when such a need arises.
1.3. A construction by Lusztig. Let V =
⊕
i∈I Vi be a finite-dimensional I-graded k-vector
space with a given Fq-rational structure by the Frobenius map F : k → k, a 7→ aq. Let EV be the
subset of
⊕
ρ∈H Hom(Vs(ρ), Vt(ρ)) consisting of elements which define nilpotent representations
of Q. Note that EV =
⊕
ρ∈H Hom(Vs(ρ), Vt(ρ)) when Q has no oriented cycles. The space of
Fq-rational points of EV is the fixed-point set E
F
V .
Let GV =
∏
i∈I GL(Vi), and its subgroup of Fq−rational points be GFV . Then the group
GV =
∏
i∈I GL(Vi) acts naturally on EV by
(g, x) 7→ g • x = x′ where x′ρ = gt(ρ)xρg−1s(ρ) for all ρ ∈ H.
For x ∈ EV , we denote by Ox the orbit of x. This action restricts to an action of the finite group
GFV on E
F
V .
For γ ∈ NI, we fix a I-graded k-vector space Vγ with dimVγ = γ. We set Eγ = EVγ and
Gγ = GVγ . For α, β ∈ NI and γ = α+ β, we consider the diagram
Eα × Eβ E′
p1oo
p2 // E′′
p3 // Eγ .
Here E′′ is the set of all pairs (x,W ), consisting of x ∈ Eγ and an x-stable I-graded subspace W
of Vγ with dimW = β, and E
′ is the set of all quadruples (x,W,R′, R′′), consisting of (x,W ) ∈ E′′
and two invertible linear maps R′ : kβ → W and R′′ : kα → kγ/W. The maps are defined in
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an obvious way: p2(x,W,R
′, R′′) = (x,W ), p3(x,W ) = x, and p1(x,W,R
′, R′′) = (x′, x′′), where
xρR
′
s(ρ) = R
′
t(ρ)x
′
ρ and xρR
′′
s(ρ) = R
′′
t(ρ)x
′′
ρ for all ρ ∈ H. By Lang’s Lemma, the varieties and
morphisms in this diagram are naturally defined over Fq. So we have
EFα × EFβ E′F
p1oo
p2 // E′′F
p3 // EFγ .
For M ∈ Eα, N ∈ Eβ and L ∈ Eα+β, we define
Z = p2p
−1
1 (OM ×ON ) ⊆ E′′, ZL,M,N = Z ∩ p−13 (OL).
For any map p : X → Y of finite sets, p∗ : C(Y )→ C(X) is defined by p∗(f)(x) = f(p(x)) and
p! : C(X) → C(Y ) is defined by p!(h)(y) =
∑
x∈p−1(y) h(x), on the integration along the fibers.
Let CGF (E
F
V ) be the space of G
F
V -invariant functions E
F
V → C( or Ql). Given f ∈ CGF (EFα ) and
g ∈ CGF (EFβ ), there is a unique h ∈ CG(E′′F ) such that p∗2(h) = p∗1(f × g). Then define f ◦ g by
f ◦ g = (p3)!(h) ∈ CGF (EFγ ).
Let
m(α, β) =
∑
i∈I
aibi +
∑
ρ∈H
as(ρ)bt(ρ).
We again define the multiplication in the C-space K =
⊕
α∈NI CGF (E
F
α ) by
f ∗ g = v−m(α,β)q f ◦ g
for all f ∈ CGF (EFα ) and g ∈ CGF (EFβ ). Then (K, ∗) becomes an associative C-algebra.
For M ∈ EFα , let OM ⊂ Eα be the Gα-orbit of M. We take 1[M ] ∈ CGF (EFα ) to be the
characteristic function of OFM , and set f[M ] = v− dimOMq 1[M ]. We consider the subalgebra (L, ∗)
of (K, ∗) generated by f[M ] over Q(vq), for allM ∈ EFα and all α ∈ NI. In fact L has a Q(vq)-basis
{f[M ]|M ∈ EFα , α ∈ NI}. Since 1[M ] ◦ 1[N ](W ) = gWMN for any W ∈ EFγ , we have
Proposition 1.3.1. [LXZ] The linear map ϕ : (L, ∗) −→ H∗(Λ) defined by
ϕ(f[M ]) = 〈M〉, for all [M ] ∈ P
is an isomorphism of associative Q(vq)-algebras.
1.4. The double Ringel–Hall algebra D(Λ). First, we define a Hopf algebra H¯+(Λ) which
is a Q(v)-vector space with the basis {Kµu+α |µ ∈ Z[I], α ∈ P}, whose Hopf algebra structure is
given as
(a) Multiplication ([R1])
u+α ∗ u+β = v〈α,β〉
∑
λ∈P
gλαβu
+
λ , for all α, β ∈ P,
Kµ ∗ u+α = v(µ,α,)u+α ∗Kµ, for all α ∈ P, µ ∈ N[I],
Kµ ∗Kν = Kν ∗Kµ = Kµ+ν , for all µ, ν ∈ N[I].
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(b)Comultiplication ([G])
△(u+λ ) =
∑
α,β∈P
v〈α,β〉
aαaβ
aλ
gλαβu
+
αKβ ⊗ u+β , for all λ ∈ P,
△(Kµ) = Kµ ⊗Kµ, for all µ ∈ N[I]
with counit ǫ(u+λ ) = 0, for all 0 6= λ ∈ P, and ǫ(Kµ) = 1. Here aλ denotes the cardinality of the
finite set AutΛ(M) with [M ] = λ.
(c)Antipode([X])
S(u+λ ) = δλ0 +
∑
(−1)m
∑
π∈P,λ1,··· ,λm∈P\{0}
×
v2
∑
i<j〈λi,λj〉
aλ1 · · · aλm
aλ
gλλ1···λmg
π
λ1···λmK−λu
+
π , for all λ ∈ P,
S(Kµ) = K−µ for all µ ∈ Z[I].
The subalgebra H+ of H¯+(Λ) generated by {uλ|λ ∈ P} is isomorphic to H∗(Λ). Moreover, we
have an isomorphism of vector spaces H¯+(Λ) ∼= T ⊗H+ , where T denotes the torus subalgebra
generated by {Kµ : µ ∈ Z[I]}.
Dually, we can define a Hopf algebra H¯−(Λ). Following Ringel, we have a bilinear form
ϕ : H¯+(Λ)× H¯−(Λ)−→Q(v) defined by
ϕ(Kµu
+
α ,Kνu
−
β ) = v
−(µ,ν)−(α,ν)+(µ,β) |Vα|
aα
δαβ
for all µ, ν ∈ Z[I] and all α, β ∈ P. Thanks to [X], we can form the reduced Drinfeld double
D(Λ) of the Ringel–Hall algebra of Λ, which admits a triangular decomposition
D(Λ) = H− ⊗ T ⊗H+.
It is a Hopf algebra, and the restriction of this structure on H¯−(Λ) = H− ⊗ T and H¯+(Λ) =
T ⊗H+ are given as above.
The subalgebra of D(Λ) generated by {u±i ,Kµ|i ∈ I, µ ∈ Z[I]} is also called the composition
algebra of Λ and denoted by C(Λ). It is a Hopf subalgebra of D(Λ) and admits a triangular
decomposition
C(Λ) = C−(Λ)⊗ T ⊗ C+(Λ),
where C+(Λ) is the subalgebra generated by {u+i : i ∈ I} and C−(Λ) is defined dually. Moreover,
the restriction ϕ : C+(Λ)× C−(Λ)−→Q(v) is non-degenerate (see[HX]).
In addition, D(Λ) admits an involution ω defined by
ω(u+λ ) = u
−
λ , ω(u
−
λ ) = u
+
λ , for all λ ∈ P;
ω(Kµ) = K−µ, for all µ ∈ N[I].
We have ϕ(x, y) = (ω(x), ω(y)). Obviously, ω induces an involution of C(Λ).
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1.5. Tame quivers. Let Q = (I,H, s, t) be a connected tame quiver, that is, a quiver whose
underlying graph is an extended Dynkin diagram of type A˜n, D˜n, E˜6, E˜7 or E˜8, and which has
no oriented cycles, i.e. in Q there are no paths p with s(p) = t(p). We say that Q is of type A˜p,q
if the underlying graph of Q is of type A˜p+q−1 and there are p clockwise oriented arrows and q
anti-clockwise oriented arrows.
Let Λ = FqQ be the path algebra of Q over Fq. Any (nilpotent) finite-dimensional Λ-module
is a direct sum of modules of three types: preprojective, regular, and preinjective. The set of
isomorphism classes of preprojective modules (respectively, preinjective modules) will be denoted
by Pprep (respectively, Pprei). The regular part consists of a family of homogeneous tubes (i.e.
tubes of period 1) and a finite number of non-homogeneous tubes, say T1, . . . ,Tl respecitvely of
periods r1, . . . , rl. We have the following well-known results.
Lemma 1.5.1. (a) We have l ≤ 3 and ∑li=1(ri − 1) = |I| − 2.
(b) Let P be preprojective, R be regular and I be preinjective. Then
Hom(R,P ) = Hom(I,R) = Hom(I, P ) = 0,
Ext(P,R) = Ext(R, I) = Ext(P, I) = 0.
(c) Let R and R′ be indecomposable regular in different tubes. Then
Hom(R,R′) = 0 = Ext(R,R′).
(d) Let M ∈ Ti for some 1 6 i 6 l, and
0−→M2−→M−→M1−→0
be a short exact sequence. Then M1 ∼= I1⊕N1,M2 ∼= P2⊕N2, where P2 is preprojective,
N1, N2 ∈ Ti, and I1 is preinjective.
Each tube is an abelian subcategory of modΛ and a simple object in a tube is called a regular
simple module in modΛ. For a tube of period r, there are precisely r simple objects (up to
isomorphism), and the sum of dimension vectors of these regular simples is independent of the
tube, and this sum will be denoted by δ. Recall that in Section 1.1 we have defined the symmetric
Euler form (−,−) on G(Λ) = ZI. In our case, this form is positive semi-definite and its radical
is free of rank 1 generated by δ. We collect information on the invariants l, r1, . . . , rl and δ of
connected tame quivers in the following table.
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type ℓ r1, . . . , rℓ δ
A˜n−1,1 1 n− 1
1
1
♦♦♦♦♦♦♦♦♦
1 1 1
❖❖❖❖❖❖❖❖❖
A˜p,q(p, q ≥ 2) 2 p, q
1
1
♦♦♦♦♦♦♦♦♦
1 1 1
❖❖❖❖❖❖❖❖❖
D˜n(n ≥ 3) 3 2, 2, n − 2
1 1
2
❄❄❄❄
⑧⑧
⑧⑧
2 2 2
⑧⑧⑧⑧
❄❄
❄❄
1 1
E˜6 3 2,3,3
1
2
1 2 3 2 1
E˜7 3 2,3,4
2
1 2 3 4 3 2 1
E˜8 3 2,3,5
3
2 4 6 5 4 3 2 1
Let K be the path algebra over Fq of the Kronecker quiver · //// · . Then there is an
embedding modK →֒ modΛ. Precisely, let e be an extending vertex of Q (i.e. the e-th entry of
δ equals 1), let P = P (e) be the indecomposable projective Λ-module corresponding to e, and let
L be the unique indecomposable preprojective Λ-module with dimension vector δ + dimP . Let
C(P,L) be the smallest full subcategory of modΛ which contains P and L and is closed under
taking extensions, kernels of epimorphisms, and cokernels of monomorphisms in the category
of Λ-modules. Then C(P,L) is equivalent to modK (see for example [LXZ] Section 6.1). This
embedding is essentially independent of the field Fq.
2. Singular Ringel–Hall algebras
Let Q be a tame quiver with vertex set I, and Λ = FqQ be the path algebra of Q over the
finite field Fq. In this section we will define the singular Ringel–Hall algebra of Λ and give a
description in terms of a set of generators and relations.
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2.1. The singular Ringel–Hall algebra Hs(Λ). Let T1, . . . ,Tl be the non-homogeneous tubes
of modΛ and assume that they are respectively of period r1, . . . , rl (see Section 1.5).
Let H∗(Λ) be the twisted Ringel–Hall algebra of Λ, which has a basis {u[M ]|M ∈ modΛ} with
structure constants given by Hall numbers, see Section 1.2. The singular Ringel–Hall algebra of
Λ, denoted by Hs(Λ), is defined as the subalgebra of H∗(Λ) generated by {ui, u[M ] : i ∈ I,M ∈
Tj, 1 6 j 6 l}. Later we will prove the existence of Hall polynomials, so that we have a generic
version of the singular Ringel–Hall algebra Hs(Λ). We now set Ds(Λ) to be the subalgebra of
D(Λ) generated by {u±i , u±[M ],Kµ : i ∈ I,M ∈ Tj, 1 6 j 6 l, µ ∈ N[I]}. Namely, it is the reduced
Drinfeld Double of Hs(Λ).
Lemma 2.1.1. The Ds(Λ) is a Hopf algebra over Q(v).
Proof. We prove that Ds(Λ) is a Hopf subalgebra of D(Λ), i.e. Ds(Λ) is closed under comultipli-
cation and is closed under antipode S. The former statement follows easily from Lemma 1.5.1.
For the latter, it is sufficient to check on the generators of Ds(Λ), since S is an algebra ho-
momorphism. That S(u±i ), i ∈ I, and S(Kµ), µ ∈ N[I] belongs to Ds(Λ) follows immediately
from the definition of S. Let M ∈ Tj, 1 ≤ j ≤ l. We will prove that S(u+[M ]) ∈ Ds(Λ), for
M ∈ Ti, 1 6 i 6 l by induction on dimM . The proof for u− is the same.
Applying the equality µ(S ⊗ 1)△ = ηǫ to u+[M ], we obtain
S(u+
[M ]
) = −S(KdimM )u+[M ](1)
−
∑
M1,M2 6=0
v〈dimM1,dimM2〉
aM1aM1
aM
gMM1M2S(u
+
[M1]
KdimM2)u
+
[M2]
.
AssumeM1 ∼= I1⊕N1,M2 ∼= P2⊕N2, as in Lemma 1.5.1. Note that Ext1(N1, I1) = 0. Therefore,
we have u+[N1]u
+
[I1]
= v〈dimN1,dim I1〉u+[M1]. By induction hypothesis, we have S(u
+
[N1]
) ∈ Ds(Λ).
By Lemma 6.1 and 6.2 in [LXZ], we have S(u+[I1]) ∈ Ds(Λ). So S(u
+
[M1]
) ∈ Ds(Λ). Similarly,
S(u+[M2]) ∈ Ds(Λ). Therefore (1) implies that S(u
+
[M ]) ∈ Ds(Λ). 
2.2. Decomposition of Hs(Λ). In this subsection, we follow an idea of Sevenhant and Van
den Bergh to obtain subalgebras of Hs(Λ) and Ds(Λ). (See also [HX].)
The twisted Ringel–Hall algebra H∗(Λ) is naturally N[I]-graded, and so are its subalgebras
Hs(Λ) and C(Λ). We define a partial order on N[I]: for α, β ∈ N[I], α ≤ β if and only if
β − α ∈ N[I]. Clearly, C(Λ)β = Hs(Λ)β if β < δ.
Recall from Section 1.4 that ϕ : H+(Λ) × H−(Λ)−→Q(v) is a non-degenerate bilinear form.
It is easy to see that the restriction of ϕ on Hs,+α ×Hs,−α is also non-degenerate for all α ∈ N[I].
We now define
L±δ = {x± ∈ Hs,±δ (Λ)| ϕ(x±, C∓(Λ)) = 0}.
The non-degeneracy of ϕ implies
Hs,±(Λ)δ = C±(Λ)δ ⊕ L±δ .
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Let Ds(1) be the subalgebra of Ds generated by C±(Λ) and L±δ . Then we have a triangular
decomposition
D
s(1) = Ds(1)− ⊗ T ⊗Ds(1)+.
Suppose L±(m−1)δ and Ds(m− 1)± have been defined, we inductively define L±mδ as follows:
L±mδ = {x+ ∈ Hs,±mδ | ϕ(x±,Ds(m− 1)∓) = 0}.
Let Ds(m) be the subalgebra of Ds generated by Ds(m− 1)± and L±mδ. As in the m = 1 case,
we have a triangular decomposition
D
s(m) = Ds(m)− ⊗ T ⊗Ds(m)+.
In this way we obtain a chain of subalgebras of Ds
C(Λ) ⊂ Ds(1) ⊂ Ds(2) ⊂ . . . ⊂ Ds(m) ⊂ . . . ⊂ Ds
such that Ds =
⋃
m∈ND
s(m).
Lemma 2.2.1. Let ηnδ = dimQ(v) L+nδ = dimQ(v) L−nδ. Then ηnδ = l.
Proof. By proposition 6.5 in [LXZ], we know that C+(Λ)/(v − 1) has a basis consiting of the
following elements
a) Ψ(u[M(α)]) for α ∈ Φ+Prep;
b) Ψ(uα,i) for α ∈ Ti, the real roots, i = 1, . . . , l;
c) Ψ(uj,mδ,i − uj+1,mδ,i), m ≥ 1, 1 ≤ j ≤ ri − 1, i = 1, . . . , l;
d) Ψ(E˜nδ), n ≥ 1
e) Ψ(u[M(β)]) for β ∈ Φ+Prei.
While according to the definition Hs the space Hs/(v − 1) has a basis consiting of elements in
a) b) d) e) and all Ψ(uj,mδ,i), m ≥ 1, 1 ≤ j ≤ ri, i = 1, . . . , l. Thus we have ηnδ = l by the
construction of L+nδ for all n. 
For each nδ, there exists a basis {x1n, . . . , xln} of L+nδ and a basis {y1n, . . . , yln} of L−nδ such that
ϕ(xpn, y
q
n) =
1
v − v−1 δpq.
Here δpq denotes the Kronecker’s delta. Then we have
xpny
q
m − yqmxpn =
Knδ −K−nδ
v − v−1 δpqδmn,
for all m,n ∈ N, 1 6 p, q 6 l (see [HX]).
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Let J = {(nδ, p) : n ∈ N, 1 6 p 6 l}. Define
θi =
i if i ∈ I,nδ if i = (nδ, p) ∈ J,
xi =
u
+
i if i ∈ I,
xpn if i = (nδ, p) ∈ J,
yi =
−v−1u
−
i if i ∈ I,
−v−1ypn if i = (nδ, p) ∈ J.
By a theorem of Sevenhant and Van den Bergh, we obtain that Ds is generated by
{xi, yi| i ∈ I ∪ J} ∪ {Kµ : µ ∈ N[I]}
with the defining relations
K0 = 1,KµKν = Kµ+ν for all µ, ν ∈ N[I](2)
Kµxi = v
(µ,θi)xiKµ, and Kµyi = v
−(µ,θi)yiKµ for all i ∈ I ∪ J, µ ∈ N[I](3)
xiyj − yjxi = Kθi−K−θiv−v−1 δij for all i, j ∈ I ∪ J(4) ∑
p+p′=1−aij
(−1)px(p)i xjx(p
′)
i = 0 and
∑
p+p′=1−aij
(−1)py(p)i yjy(p
′)
i = 0(5)
xixj = xjxi and yiyj = yjyi for all i, j ∈ I ∪ J with (θi, θi) = 0.(6)
Here for an element x and a positive integer p the symbol x(p) denotes the divided power x
p
[p]! ,
where [p] = v
p−v−p
v−v−1 and [p]! = [1][2] · · · [p].
Applying the relations above, the next statement is clear.
Proposition 2.2.1. (a) The elements {xin| n ∈ N, 1 6 i 6 l} are central in Hs,+. Dually,
the elments {yin| n ∈ N, 1 6 i 6 l} are central in Hs,−.
(b) We have an algebra isomorphism Hs,+ ∼= C+ ⊗Q(v)[xin| n ∈ N, 1 6 i 6 l.
(c) The element xjn commutes with Hs,−, and the element yjn commutes with Hs,+.
In particular, when the quiver Q is of type A˜n−1,1 for some n ≥ 3, we have l = 1 and we
have an algebra isomorphism Hs,+ ∼= Uq(s˜ln)+ ⊗ Q(v)[x1, . . . , xn, . . .]. This means that Hs,+
is isomorphic to the q-Fock space of type A. Also this proposition implies that the algebra
structure Hs not only depends on the type, but also on the orientation.
3. The quantum extended Kac–Moody algebra
3.1. Let (I, (, )) be a datum in the sense of Green [G, 3.1]. Let J be an index set and let θ : J →
N[I]\{0}, j 7→ θj be a map with finite fibers. We denote by G˜ the triple (I, (, ), {θj : j ∈ J}),
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and call it an extended Green datum. We extend θ to a map θ : I ∪ J → N[I]\{0} by setting
θi = i for i ∈ I.
Let Q be a tame quiver with vertex set I, and let Λ be the path algebra. Recall that a
Hopf subalgebra Ds(Λ) of D(Λ) is defined in Section 2. Let G˜ be the extended Green datum
corresponding to Ds(Λ). Precisely, J = {(nδ, p) : 1 6 p 6 l} and θ(nδ,p) = nδ. From G˜ we
define a new datum G˜′ = (I ∪ J, (, )′), where (i, j)′ = (θi, θj) for all i, j ∈ I ∪ J. Let D ′(Λ) be the
reduced Drinfeld double corresponding to G˜′. We have the following proposition similar to [DX,
Proposition 3.8].
Proposition 3.1.1. There exists a surjective Hopf algebra homomorphism F : D ′(Λ)→ Ds(Λ)
such that F (x±i ) = x
±
i and F (Ki) = Kθi for i ∈ I ∪ J, and kerF is the ideal generated by
{Kj −Kθj |j ∈ J}.
In particular, we have D ′>0 ∼= Hs,+.
3.2. Let U = U− ⊗ U0 ⊗ U+ be the quantized enveloping algebra in the sense of Drinfeld and
Jimbo with the generators {Ei, Fi,Ki,K−i|i ∈ I ∪ J} subject to relations similar to (2)–(6) as
in Section 2.2. U is called the quantum extended Kac–Moody algebra. Similar to [DX, Corollary
8.3], we have
U ∼= D ′.
So we obtain
Proposition 3.2.1. There exists an algebra isomorphism G : U+
∼→Hs,+ such that G(Ei) = x+i
for i ∈ I ∪ J.
4. PBW-basis of U+
4.1. Let Q be a connected tame quiver without oriented cycles with vertex set I, and let
Λ = FqQ be the path algebra of Q over the finite field Fq. Recall that the regular part of modΛ
is the direct sum of a family of homogeneous tubes and finitely many non-homogeneous tubes
T1, . . . ,Tl.
Lemma 4.1.1. Let M be a module in the direct sum of the homogeneous tubes, and N be a
regular module. Then u[M ] ∗ u[N ] = u[N ] ∗ u[M ]. If in addition no direct summands of N belongs
to the same tube as any indecomposable dirct summand of M , then u[M ] ∗ u[N ] = u[N ] ∗ u[M ] =
u[M⊕N ].
Proof. If no direct summands of N belongs to the same tube as any indecomposable dirct
summand of M , the statement follows from Lemma 1.5.1 (c) and the fact that the dimension
vector of M is a multiple of δ, which lies in the radical of the Euler form. If N is also in
the direct sum of the homogeneous tubes, the statement is proved in [Zh]. Generally we write
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u[N ] = u[N1]∗u[N2] with N1⊕N2 ∼= N such that N1 belongs to the direct sum of the homogeneous
tubes and N2 belongs to the direct sum of the non-homogeneous tubes. Then
u[M ] ∗ u[N ] = u[M ] ∗ u[N1] ∗ u[N2] = u[N1] ∗ u[M ] ∗ u[N2]
= u[N1] ∗ u[N2] ∗ u[M ] = u[N ] ∗ u[M ].

Let P , L, K and C(P,L) be as in Section 1.5, and let F : modK ∼= C(P,L) →֒ modΛ be
the exact embedding. It gives rise to an injective homomorphism of algebras, still denoted by
F : H∗(K) →֒ H∗(Λ). In H∗(K) a distinguished element EmδK is defined for any m ≥ 1, and we
set Emδ = F (EmδK ), see [LXZ] for more details. Since EmδK ∈ C∗(K), and 〈L〉, 〈P 〉 ∈ C∗(Λ), it
follows that Emδ is in C∗(Λ) and even in C∗(Λ)Z , where Z = Q[v, v−1]. Let K be the subalgebra
of C∗(Λ) generated by Emδ for m ∈ N, it is a polynomial ring on infinitely many variables
{Emδ |m ≥ 1}, and its integral form is the polynomial ring on variables {Emδ |m ≥ 1} over Z.
We denote by C0 (respectively, C1) the full subcategory of C(P,L) consisting of the Λ-modules
which belong to homogeneous (respectively, non-homogeneous) tubes of modΛ.
We now decompose Enδ as
Enδ = Enδ,1 + Enδ,2 + Enδ,3,
where
Enδ,1 = v
−n|δ|
∑
[M ]:M∈C1,dimM=nδ
u[M ](7)
Enδ,2 = v
−n|δ|
∑
[M ]:M∈C,dimM=nδ
M=M1⊕M2,06=M1∈C1,06=M2∈C0
u[M ](8)
Enδ,3 = v
−n|δ|
∑
[M ]:M∈C0,dimM=nδ
u[M ],(9)
where |δ| is the sum of all entries of δ.
Lemma 4.1.2. Let n, n′ be two positive integers. Then we have
(a) Enδ,1 ∗En′δ,3 = En′δ,3 ∗ Enδ,1;
(b) Enδ,2 =
∑n−1
m=1Emδ,1 ∗ E(n−m)δ,3;
(c) Enδ,3 ∗En′δ,3 = En′δ,3 ∗ Enδ,3.
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Proof. (a) and (c) follows from Lemma 4.1.1. (b) holds because
Enδ,2 = v
−n|δ|
∑
[M1⊕M2]:dim(M1⊕M2)=nδ,
06=M1∈C1,06=M2∈C0
u[M1⊕M2]
= v−n|δ|
∑
[M1⊕M2]:dim(M1⊕M2)=nδ,
06=M1∈C1,06=M2∈C0
u[M1] ∗ u[M2]
= v−n|δ|
n−1∑
m=1
∑
[M1]:M1∈C1,
dimM1=mδ
∑
[M2]:M2∈C0,
dimM2=(n−m)δ
u[M1] ∗ u[M2]
=
n−1∑
m=1
(
∑
[M1]:M1∈C1,
dimM1=mδ
v−m|δ|u[M1]) ∗ (
∑
[M2]:M2∈C0,
dimM2=(n−m)δ
v−(n−m)|δ|u[M2])
=
n−1∑
m=1
Emδ,1 ∗ E(n−m)δ,3.

For a partition w = (w1, . . . , wt) of n, we define
Ewδ = Ew1δ ∗ · · · ∗ Ewtδ
Ewδ,3 = Ew1δ,3 ∗ · · · ∗ Ewtδ,3.
Let P(n) be the set of all partitions of n, and 〈N〉 = v− dimN+dimEnd(N)u[N ]. Set
B = {〈P 〉 ∗ 〈M〉 ∗ Ewδ,3 ∗ 〈I〉| P ∈ Pprep,M ∈
l⊕
i=1
Ti, I ∈ Pprei,w ∈ P(n), n ∈ N},
where recall that Pprep respectively Pprei is the set of isomorphism classes of preprojective
respectively preinjective Λ-modules, and T1, . . . ,Tl are the non-homogeneous tubes of modΛ.
Then we have the following:
Theorem 4.1.1. The set B is a Q(v)−basis of Hs,+ (∼= U+).
Proof. We have by definition that Enδ andEnδ,1 belong toHs,+. Then it follows from Lemma 4.1.2
(b) by induction on n that both Enδ,2 and Enδ,3 belong to Hs,+. As a consequence, the set B
is contained in Hs,+. Because B is linear independent over Q(v), it remains to show that B
linearly spans Hs,+.
Let Πai be the set of aperiodic ri-tuples of partitions, for all 1 6 i 6 l. Set
Bc = {〈P 〉 ∗Eπ1 ∗ · · · ∗Eπl ∗Ewδ ∗ 〈I〉 :
P ∈ Pprep, I ∈ Pprei, πi ∈ Πai , 1 6 i 6 l,w ∈ P(n), n ∈ N}.
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By Proposition 7.2 in [LXZ], we know that Bc is a Q(v)-basis of C∗(Λ). By definition Hs,+ is
generated by Bc and {u[M ] :M ∈
⊕l
i=1 Ti}. The latter elements belong to B, so now it remains
to prove that each element in Bc ,u[M ] ∗ 〈P 〉 and (Ewδ ∗ 〈I〉) ∗ u[M ] can be linearly spanned by
B.
For w = (w1, . . . , wt) ∈ P(n), we have by Lemma 4.1.2 (b)
Ewδ = Ew1δ ∗ · · · ∗Ewtδ
=
t∏
j=1
(Ewjδ,1 +
wj−1∑
mj=1
Emjδ,1 ∗E(wj−mj)δ,3 + Ewjδ,3)
By Lemma 4.1.2 (a) (c), we can write Ewδ as a linear combination of elements of the form
Em1δ,1 ∗ · · · ∗Emrδ,1 ∗Em′1δ,3 ∗ · · · ∗Em′r′δ,3, which itself is a linear combination of elements of the
form 〈M〉 ∗Ew′δ,3, where M ∈
⊕l
i=1 Ti and w′ is a partition.
Similarly, we can prove that each element of form u[M ] ∗ 〈P 〉 and (Ewδ ∗ 〈I〉) ∗ u[M ] can be
linearly spanned by B. This completes the proof. 
5. Canonical bases of U+ (∼= Hs(Λ))
In this section we give the main theorem of this paper, that is, a description of the canonical
basis of Hs(Λ) ∼= U+.
5.1. Let Q be a tame quiver with vertex set I, and Λ = FqQ be the path algebra of Q over the
finite field Fq. We denote by M(x), x ∈ Eα, the Λ-module of dimension vector α corresponding
to x. For subsets A ⊂ Eα and B ⊂ Eβ, we define the extension set A ⋆ B of A by B to be
A ⋆ B = {z ∈ Eα+β| there exists an exact sequence
0→M(x)→M(z)→M(y)→ 0 with x ∈ B, y ∈ A}.
It follows from the definition that A ⋆ B = p3p2(p−11 (A×B)), see Section 1.3 for the definitions
of p1, p2 and p3. Because p1 is a locally trivial fibration , we have A ⋆B ⊆ A ⋆ B(see Lemma 2.3
in [LXZ]) . In particular, OM ⋆ON = OM⊕N if Ext(M,N) = 0, i.e. OM⊕N is open and dense
in OM ⋆ON .
Set codimA = dimEα − dimA. We will need the following:
Lemma 5.1.1 ([Re]). Let α, β ∈ NI. If A ⊂ Eα and B ⊂ Eβ are irreducible algebraic varieties
and are stable under the action of Gα and Gβ respectively, then A ⋆ B is irreducible and stable
under the action of Gα+β , too. Moreover,
codimA ⋆ B = codimA+ codimB − 〈β, α〉 + r,
where 0 ≤ r ≤ min{dimk Hom(M(y),M(x))|y ∈ B, x ∈ A}.
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Recall that for x ∈ Eα the symbol Ox (or OM(x)) denotes the Gα-orbits of x. We now
introduce two orders in Λ−mod as follows:
• N ≤deg M if ON ⊆ OM .
• N ≤ext M if there exist Mi, Ui, Vi and short exact sequence
0 −→ Ui −→Mi −→ Vi −→ 0
such that M =M1,Mi+1 = Ui ⊕ Vi, 1 6 i 6 p, and N =Mp+1 for p ∈ N.
Proposition 5.1.1. [Z] The orders ≤deg,≤ext are equivalent in Λ−mod.
We denote by PX the category of perverse sheaves on an algebraic variety X. Let f be a
locally closed embedding from X to algebraic variety Y . One has the intermediate extension
functor
f!∗ : PX −→ PY , P 7−→ Im{pH0(f!P ) −→ pH0(f∗P )}.
Let V be a locally closed, smooth, irreducible subvariety of X, of dimension d and let L be an
irreducible Ql− local system on V. Then L[d] is an irreducible perverse sheaf on V and there is
a unique irreducible perverse sheaf L˜[d], whose restriction to V is L[d], we have L˜[d] = ICV (L),
where ICV (L) is the intersection cohomolgy complex of Deligne -Goresky-Macpherson of V with
coefficients in L. The extension of L˜[d] to X (by 0 outside V ) is an irreducible perverse sheaf on
X.
In particular, suppose L is a local system on a nonsingular Zariski dense open subset j : U −→
Y of the irreducible n−dimensional Y. Then ICY (L) := j!∗L[n] ∈ PY .
Definition 5.1.1. [KW] Let K be a Weil complex. Then K is said to have the purity property
if on all stalks of the semisimplication H v(K)ssx (v/2) of cohomology sheaves the Frobenius Fx
acts trivially.
Lemma 5.1.2. Let Y be an irreducible algebraic variety of dimension m, and let p be a smooth
morphism p : X → Y of relative dimension d. Suppose U0 is a nonsingular Zariski dense open
subset of Y, j0 : U0 → Y is an open embedding. Then we have the following a cartesian square
V = p−1(U0)
p|U

j
// X
p

U
j0 // Y.
If j0!∗Ql[m] has the purity property, then j!∗Ql[d+m] has the purity property.
Proof. By the definition of j∗ and j!, we have a natural morphism
ϕY :
pH0(j0!Ql[m]) −→ pH0(j0∗Ql[m]).
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It induces an intermediate extension functor
j0!∗ : PU −→ PY
such that j0!∗Ql[m] = Im{pH0(j0!Ql[m]) −→ pH0(j0∗Ql[m])}. Furthermore,
p∗[d] ◦ ϕY : p∗[d](pH0(j0!Ql[m])) −→ p∗[d](pH0(j0∗Ql[m])).
Since p : X −→ Y is smooth of relative dimension d, p∗[d] = p![−d] is t-exact , we have
ϕX :
pH0(p∗j0!Ql[m+ d]) −→ pH0(p∗j0∗Ql[m+ d]),
ϕX :
pH0(j!Ql[m+ d]) −→ pH0(j∗Ql[m+ d]).
So p∗[d](j0!∗Ql[m]) = j!∗Ql[d+m]. By the same argument, we get p
∗[d] ◦ F = F ◦ p∗[d]. Since
j0!∗Ql[m] has the purity property, the statement of the lemma is true. 
Let Nwi and Nwi,3 be respectively the union of orbits of regular modules of C(P,L) and
C0(P,L) with dimension vector wiδ. Set Nw = Nw1 ⋆ · · · ⋆ Nwt and Nw,3 = Nw1,3 ⋆ · · · ⋆Nwt,3.
For any P ∈ Pprep,M ∈
⊕l
i=1 Ti, I ∈ Pprei, πi ∈ Πai , 1 6 i 6 l,w ∈ P(n), n ∈ N, we define the
varieties
OP,π1,...,πl,w,I = OP ⋆Oπ1 ⋆ · · · ⋆Oπl ⋆Nw ⋆OI ,
OP,M,w,I = OP ⋆OM ⋆Nw,3 ⋆OI .
According to [L4] [L5] and [LXZ], we know that ICOP,pi1,...,pil,w,I
(Ql) has the purity property.
In order to construct the canonical basis of Hs(Λ) (∼= U+), we need to study the purity property
of OP,M,w,I .
Theorem 5.1.1. Assume Q is not of type E˜8. Let X = OP,M,w,I, for P ∈ Pprep,M ∈⊕l
i=1 Ti, I ∈ Pprei,w ∈ P(n), n ∈ N. Then ICX(Ql) has the purity property.
We postpone the proof of Theorem 5.1.1 to later sections.
5.2. Let
bOP,M,w,I =
∑
i,N∈OP,M,w,I
F
(−1)ivi+dimON dim IH i((ICOP,M,w,I (Ql))N )〈N〉.(10)
Set
CB = {bOP,M,w,I |P ∈ Pprep,M ∈ ⊕li=1Ti, I ∈ Pprei,w ∈ P(n), n ∈ N}.
Then we have the main theorem of this paper
Theorem 5.2.1. For Q not of type E˜8, the set CB is the canonical basis of Hs(Λ) (∼= U+).
Proof. By Proposition 1.3.1, Theorem 4.1.1 and Theorem 5.1.1, the proof is complete. 
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6. Purity Properties of Perverse sheaves of closure of semi-simple objects in Ti
We start from this section the proof of Theorem 5.1.1. In this section we deal with the special
case OM for M a semi-simple object in any non-homogeneous tube. We proceed type by type.
6.1. Type A˜n,1. Let Q be the quiver
2 n
""❊
❊❊
❊❊
❊❊
❊
1
@@✁✁✁✁✁✁✁✁
// n+ 1
There is only one non-homogeneous tube, which is of period n, and the regular simples E1, . . . , En
respectively have dimension vectors (1, 0, 0, . . . , 0, 1), (0, 1, 0, . . . , 0, 0), . . . , (0, 0, 0, . . . , 1, 0).
Lemma 6.1.1. Let X = O⊕n
i=1 Ei
. Then ICX(Ql) has the purity property.
In the following , the set of m × n matrices over k is denoted by Mmn(k), the k−vector
space generated by column vectors of a matrix A is denoted by C(A), the projective space of a
k−vector space V is denoted by P (V ).
Proof of Lemma 6.1.1. Let V be the I-graded vector space V =
⊕n+1
i=1 Vi, with Vi = k. Set
α = (1, 1, . . . , 1) ∈ N[I], then
Eα = EV = {x = (x12, x23, . . . , xn,n+1, x1,n+1) ∈ kn+1},
O⊕n
i=1 Ei
= {x ∈ Eα| x12 = x23 = . . . = xn,n+1 = 0, x1,n+1 6= 0},
X = O⊕n
i=1 Ei
= {x ∈ Eα| x12 = x23 = . . . = xn,n+1 = 0} = A1.
It is clear that ICX(Ql) has the purity property. The statement is proved. 
6.2. Type D˜n. Let Q be the quiver
2
❂
❂❂
❂❂
❂❂
❂
n+ 1
zz✉✉
✉✉
✉✉
✉✉
✉
3 4oo n− 2 n− 1oo
1
@@✁✁✁✁✁✁✁✁
n
dd■■■■■■■■■■
There are three non-homogeneous tubes T1,T2,T3, respectively of periods 2, 2, n− 2. Let E1, E2
be the regular simples in T1, let E′1, E′2 be the regular simples in T2 and let E′′1 , . . . , E′′n−2 be the
regular simples in T3. Their dimension vectors are given as follows
T1: (1, 0, 1, 1 . . . , 1, 1, 0), (0, 1, 1, 1, . . . , 1, 0, 1);
T2: (1, 0, 1, 1 . . . , 1, 0, 1), (0, 1, 1, 1, . . . , 1, 1, 0);
T3: (1, 1, 1, 0 . . . , 0, 0, 0), (0, 0, 1, 1, . . . , 1, 1, 1), (0, 0, 0, 1, 0, . . . , , 0, 0, 0), . . ., (0, 0, 0, 0, . . . , 0, 1, 0, 0).
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Lemma 6.2.1. Set X1 = OE1⊕E2 ,X2 = OE′1⊕E′2 , and X3 = O⊕n−2i=1 E′′i . Then ICXi(Ql) has the
purity property for any i = 1, 2, 3.
Proof. We only prove for i = 1. The other cases can be proved similarly. Let V be the I-graded
vector space V =
⊕n+1
i=1 Vi, with V1 = V2 = Vn = Vn+1 = k and Vi = k
2 for all 3 6 i 6 n − 1.
Set α = (1, 1, 2, . . . , 2, 1, 1) ∈ N[I]. Then
Eα = EV = {x| x = (x13, x23, x43, . . . , xn−1,n−2, xn,n−1, xn+1,n−1)
∈M21(k)×M21(k)×M22(k)× · · · ×M22(k)×M21(k)×M21(k)}.
Thanks to [DR], we have E1 ⊕ E2 =M(y) for y ∈ Eα given by
y13 = yn,n−1 =
(
1
0
)
, y23 = yn+1,n−1 =
(
0
1
)
, y43 = . . . = yn−1,n−2 =
(
1 0
0 1
)
.
We claim that
OE1⊕E2 = {x ∈ Eα|(x13 x23) = x43 · · · xn−1,n−2 · (xn,n−1 xn+1,n−1) ·
(
ξ1 0
0 ξ2
)
,
ξ1ξ2 6= 0,det(xi,i−1) 6= 0, 4 6 i 6 n− 1,det(xn,n−1 xn+1,n−1) 6= 0}
= k∗ × k∗ × {x = (x43, · · · , xn−1,n−2, xn,n−1, xn+1,n−1)|
det(xi,i−1) 6= 0, 4 6 i 6 n− 1 det(xn,n−1 xn+1,n−1) 6= 0}.
Let S be the set on the right hand side of the equality. For any x ∈ OE1⊕E2 there exists
g = (gi)i∈I ∈ GLα such that x = g • y, i.e.
x13 = g3
(
1
0
)
g−11 , x23 = g3
(
0
1
)
g−12 , xi,i−1 = gi−1g
−1
i , 4 6 i 6 n− 1,
xn,n−1 = gn−1
(
1
0
)
g−1n , xn+1,n−1 = gn−1
(
0
1
)
g−1n+1.
The inclusion OE1⊕E2 ⊆ S follows immediately, with ξ1 = gng−11 and ξ2 = gn+1g−12 . Conversely,
for an element in S, we have x = g • y for g = (gi)i∈I ∈ GLα with g1 = ξ−11 , g2 = ξ−12 ,
gi = xi+1,i · · · xn−1,n−2(xn,n−1 xn+1,n−1) for 3 ≤ i ≤ n−2, gn−1 = (xn,n−1 xn+1,n−1) and gn = 1,
gn+1 = 1.
Let
X ′ = {(x43, . . . , xn−1,n−2, xn,n−1, xn+1,n−1) ∈M22(k)× · · · ×M22(k)×M21(k)×M21(k)}.
Then
X = OE1⊕E2 = k × k ×X ′ = {x|x = (ξ1, ξ2, x′), ξ1, ξ2 ∈ k, x′ ∈ X ′} = A4n−10.
The result is clear now. 
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6.3. Type E˜6. Let Q be the quiver
7

6

1 // 2 // 3 4oo 5oo
There are three non-homogeneous tubes T1,T2,T3, respectively of periods 2, 3, 3. Let E1, E2 be
the regular simples in T1, let E′1, E′2, E′3 be the regualr simples in T2, and let E′′1 , E′′2 , E′′3 be the
regular simples in T3. Their dimension vectors are given as follows
T1: (1, 1, 2, 1, 1, 1, 1), (0, 1, 1, 1, 0, 1, 0);
T2: (1, 1, 1, 1, 0, 0, 0), (0, 1, 1, 0, 0, 1, 1), (0, 0, 1, 1, 1, 1, 0);
T3: (1, 1, 1, 0, 0, 1, 0), (0, 1, 1, 1, 1, 0, 0), (0, 0, 1, 1, 0, 1, 1).
Lemma 6.3.1. Set X1 = OE1⊕E2 ,X2 = OE′1⊕E′2⊕E′3 , and X3 = OE′′1⊕E′′2⊕E′′3 . Then ICXi(Ql)
has the purity property for any i = 1, 2, 3.
Proof. We only prove for i = 1. The other cases can be proved similarly. Let V be the I-graded
vector space V =
⊕7
i=1 Vi with V1 = V5 = V7 = k, V2 = V4 = V6 = k
2 and V3 = k
3. Set
α = (1, 2, 3, 2, 1, 2, 1) ∈ N[I], then
Eα = EV = {x| x = (x12, x23, x43, x54, x63, x76),
x12, x54, x76 ∈M21(k), x23, x43, x63 ∈M32(k)}.
Thanks to [DR], we have E1 ⊕ E2 =M(y) for y ∈ Eα given by
y12 = y54 = y76 =
(
1
0
)
, y23 =
 1 00 0
0 1
 , y43 =
 0 01 0
0 1
 , y63 =
 1 01 0
0 1
 .
By definition any x ∈ OE1⊕E2 is of the form x = g • y for some g = (gi)i∈I ∈ GLα, i.e.
x12 = g2
(
1
0
)
g−11 , x23 = g3
 1 00 0
0 1
 g−12 , x54 = g4
(
1
0
)
g−15 ,(11)
x43 = g3
 0 01 0
0 1
 g−14 , x76 = g6
(
1
0
)
g−17 , x63 = g3
 1 01 0
0 1
 g−16 .
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Let Z be the subvariety of k2 × P1 × k × P (k2 × k2 × k2) × Eα consisting of those elements
z = (z0, [λ1 : λ2], z2, [z3, z4, z5], x) such that
x12λ1 = z0λ2, x23z0 + x43x54z2 = x63x76, x23z3 = x43z4 = x63z5, z2 6= 0
det(z0 z3) 6= 0, det(x12 z3) 6= 0, det(x54 z4) 6= 0, det(x76 z5) 6= 0,
det(x23x12 x43x54 x63z5) 6= 0, λ1λ2 6= 0.
Define the polynomial map
ϕ : Z −→ OE1⊕E2
by ϕ(z) = x. We will show that ϕ is an isomorphism. For z ∈ Z, we take
g1 = z1 =
λ1
λ2
, g2 = (x12z1 z3), g3 = (x23x12z1 x43x54z2 x63z5),
g4 = (x54z2 z4), g5 = z2, g6 = (x76 z5), g7 = 1.
Then it is straightforward to check that x = g • y for g = (gi)i∈I . So ϕ is well-defined.
The inverse map ψ of ϕ
ψ : OE1⊕E2 −→ Z,ψ(x) = z,
is defined as follows. Let x = g • y be an element in OE1⊕E2 , where g = (gi)i∈I ∈ GLα. Then
the coefficients of x satisfy the equations (11), and this implies that they satisfy the following
equations
x23x12g1 = g3
 10
0
 , x43x54g5 = g3
 01
0
 , x63x76g7 = g3
 11
0
 ,(12)
x23g2 = g3
 1 00 0
0 1
 , x43g4 = g3
 0 01 0
0 1
 , x63g6 = g3
 1 01 0
0 1
 .
Set
λ1
λ2
= z1 =
g1
g7
, z0 = x12z1, z2 =
g5
g7
, z3 = g2
(
0
1
)
, z4 = g4
(
0
1
)
, z5 = g6
(
0
1
)
.
Then
x23x12z1 + x43x54z2 = x63x76, x23z3 = x43z4 = x63z5.
By (12), we know that x23x12 and x43x54 are linearly independent over k. Thus z1 and z2 are
uniquely determined by x. Now suppose x23z
′
3 = x43z
′
4 = x63z
′
5, and suppose that the four
matrices (x12 z
′
3), (x54 z
′
4), (x76 z
′
5) and (x23x12 x43x54 x63z
′
5) are all invertible. We denote by
C(M) the vector space generated by columns of matrix M. By
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dimk C(x23) ∩ C(x43) = dimk C(x43) ∩ C(x63) = dimk C(x63) ∩ C(x23) = 2 + 2− 3 = 1,
we have
x23z
′
3 = ax23z3, x43z
′
4 = ax43z4, x63z
′
5 = ax63z5(13)
for some a ∈ k∗. Since x23, x43 and x63 have full column ranks, (13) implies
z′3 = az3, z
′
4 = az4, z
′
5 = az5.
Hence ψ is well-defined, and ϕ is an isomorphism.
Furthermore, let X be the subvariety of k2×P1×k×P (k2×k2×k2)×Eα consisting of those
elements z = (z0, [λ1 : λ2], z2, [z3, z4, z5], x) such that
x12λ1 = z0λ2, x23z0 + x43x54z2 = x63x76, x23z3 = x43z4 = x63z5.
Then it is easy to see that X = OE1⊕E2 .
We denote by P (i) (respectively, I(i)) the indecomposable projective (respectively injective)
module corresponding to i for any i ∈ I. Set Y = Oτ−2P (1)⊕E2⊕I(1). Since
HomΛ(τ
−2P (1), I(1)) = HomΛ(E2, I(1)) = 0,
and
〈dim τ−2P (1),dimE2〉 = 0 = dimk Hom(τ−2P (1), E2),
we have
dimk End(τ
−2P (1)⊕ E2 ⊕ I(1)) = 3, dimkX = dimk Y + 1.
Furthermore, up to the isomorphism ψ, we have
Y = {z|z ∈ X,λ2 = 0}.
Let p : X → Y be the canonical projection from X to Y . Since τ−1P (1)⊕E2⊕I(1) is aperiodic,
ICY (Ql) has the purity property by Theorem 5.4 in [L4] . It is clear that p is smooth with
relative dimension 1. Therefore, by Lemma 5.1.2, the statement of the lemma is true. 
6.4. Type E˜7. Let Q be the quiver
8

1 // 2 // 3 // 4 5oo 6oo 7oo
There are three non-homogeneous tubes T1,T2,T3, respectively of periods 2, 3, 4. Let E1, E2 be
the regular simples in T1, let E′1, E′2, E′3 be the regualr simples in T2, and let E′′1 , E′′2 , E′′3 .E′′4 be
the regular simples in T3. Their dimension vectors are given as follows
T1: (1, 1, 2, 2, 1, 1, 0, 1), (0, 1, 1, 2, 2, 1, 1, 1);
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T2: (1, 1, 1, 2, 1, 1, 1, 1), (0, 1, 1, 1, 1, 1, 0, 0), (0, 0, 1, 1, 1, 0, 0, 1);
T3: (1, 1, 1, 1, 1, 0, 0, 0), (0, 1, 1, 1, 0, 0, 0, 1), (0, 0, 1, 1, 1, 1, 1, 0), (0, 0, 0, 1, 1, 1, 0, 1).
Lemma 6.4.1. Set X1 = OE1⊕E2 ,X2 = OE′1⊕E′2⊕E′3 , and X3 = OE′′1⊕E′′2⊕E′′3⊕E′′4 . Then ICXi(Ql)
has the purity property for any i = 1, 2, 3.
Proof. We only prove for i = 3. The other cases can be proved similarly. Let V be the I−graded
vector space V = ⊕8i=1Vi, and V1 = V7 = k, V2 = V6 = V8 = k2, V3 = V5 = k3, V4 = k4. Set
α = (1, 2, 3, 4, 3, 2, 1, 2) ∈ N[I], then
Eα = EV = {x| x = (x12, x23, x34, x54, x65, x76, x84),
x12, x76 ∈M21(k), x23, x65 ∈M32(k), x34, x54 ∈M43(k), x84 ∈M42(k)}.
Thanks to [DR], we can get E′′1 ⊕ E′′2 ⊕E′′3 ⊕ E′′4 =M(x), where x ∈ Eα and
x12 = x76 =
[
1
0
]
, x23 =
 1 00 1
0 0
 , x65 =
 0 01 0
0 1
 , x84 =

0 0
1 0
0 0
0 1
 ,
x34 =

1 0 0
0 1 0
0 0 1
0 0 0
 , x54 =

1 0 0
0 0 0
0 1 0
0 0 1
 .
For any x ∈ OE′′1⊕E′′2⊕E′′3⊕E′′4 , there exists (gi)i∈I ∈ GLα such that
x12 = g2
[
1
0
]
g−11 , x23 = g3
 1 00 1
0 0
 g−12 , x34 = g4

1 0 0
0 1 0
0 0 1
0 0 0
 g−13 ,(14)
x54 = g4

1 0 0
0 0 0
0 1 0
0 0 1
 g−15 , x65 = g5
 0 01 0
0 1
 g−16 , x76 = g6
[
1
0
]
g−17 ,
x84 = g4

0 0
1 0
0 0
0 1
 g−18 .
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Let Z be the subvariety of k2 × P1 × k2 × k3 × k2 × k2 × k3 × k2 × k × Eα consisting of those
elements z = (z0, [λ1 : λ2], z2, z3, z41, z42, z5, z6, z7, x) such that
x12λ1 = z0λ2, x34x23z0 = x54z5, x34x23z2 = x84z41, x34z3 = x54x65x76z7, x84z42 = x54x65z6,
z7 6= 0,
[
z2 : z5
]
∈ P (k2 × k3),
[
z2 : z41
]
∈ P (k2 × k2),
[
z3 : z7
]
∈ P (k3 × k),[
z42 : z6
]
∈ P (k2 × k2),
[
z0 z2
]
,
[
z41 z42
]
,
[
x12 z2
]
,
[
x76 z6
]
∈ GL2,[
x23 z3
]
,
[
z5 x65
]
∈ GL3, λ1λ2 6= 0}
We defined the polynomial map
ϕ : Z −→ OE′′1⊕E′′2⊕E′′3⊕E′′4
by ϕ(z) = x. We will show that ϕ is an isomorphism.
On the one hand, we take
g1 = z1 =
λ1
λ2
, g2 =
[
x12z1 z2
]
, g3 =
[
x23x12z1 x23z2 z3
]
, g5 =
[
z5 x65x76z7 x65z6
]
,
g6 =
[
x76z7 z6
]
, g7 = z7, g8 =
[
z41 z42
]
, g4 =
[
x34x23x12z1 x34x23z2 x34z3 x54x65z6
]
.
Thus,
g2
[
1
0
]
g−11 =
[
x12z1 z2
] [ 1
0
]
z−11 = x12,
g3
 1 00 1
0 0
 g−12 = [ x23x12z1 x23z2 z3 ]
 1 00 1
0 0
[ x12z1 z2 ]−1 = x23,
g4

1 0 0
0 1 0
0 0 1
0 0 0
 g−13 =
[
x34x23x12z1 x34x23z2 x34z3 x54x65z6
]

1 0 0
0 1 0
0 0 1
0 0 0

[
x23x12z1 x23z2 z3
]−1
= x34,
g4

1 0 0
0 0 0
0 1 0
0 0 1
 g−15 =
[
x34x23x12z1 x34x23z2 x34z3 x54x65z6
]

1 0 0
0 0 0
0 1 0
0 0 1

[
z5 x65x76z7 x65z6
]−1
=
[
x34x23x12z1 x34z3 x54x65z6
] [
z5 x65x76z7 x65z6
]−1
= x54,
g5
 0 01 0
0 1
 g−16 = [ z5 x65x76z7 x65z6 ]
 0 01 0
0 1
[ x76z7 z6 ]−1 = x65,
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g6
[
1
0
]
g−17 =
[
x76z7 z6
] [ 1
0
]
= x76,
g4

0 0
1 0
0 0
0 1
 g−18 =
[
x34x23x12z1 x34x23z2 x34z3 x54x65z6
]

0 0
1 0
0 0
0 1

[
z41 z42
]−1
= x84,
that is, ϕ is well defined.
On the other hand, we get the inverse map ψ of ϕ
ψ : OE′′1⊕E′′2⊕E′′3⊕E′′4 −→ Z, ψ(x) = z,
and z is defined in the following.
Since x ∈ OE′′1⊕E′′2⊕E′′3⊕E′′4 , there exists (gi)i∈I ∈ GLα such that x satisfies (14) .Therefore,
x34x23x12g1 = x54g5
 10
0
 = g4

1
0
0
0
 , x34x23g2
[
0
1
]
= x84g8
[
1
0
]
= g4

0
1
0
0
 ,(15)
x34g3
 00
1
 = x54x65x76g7 = g4

0
0
1
0
 , x84g8
[
0
1
]
= x54x65g6
[
0
1
]
= g4

0
0
0
1
 .
Set
λ1
λ2
= z1 = g1, , z0 = x12z1, z2 = g2
[
0
1
]
, z3 = g3
 00
1
 , z41 = g8
[
1
0
]
, z42 = g8
[
0
1
]
,
z5 = g5
 10
0
 , z6 = g6
[
0
1
]
, z7 = g7.
It is easy to see that z = (z0, [λ1 : λ2], z2, z3, z41, z42, z5, z6, z7, x) ∈ Z.
Suppose z′ = (z′0, [λ
′
1 : λ
′
2], z
′
2, z
′
3, z
′
41, z
′
42, z
′
5, z
′
6, z
′
7, x) ∈ Z, we have
x34x23z0 = x54z5, x34x23z2 = x84z41, x34z3 = x54x65x76z7, x84z42 = x54x65z6, z7 6= 0,(16)
x34x23z
′
0 = x54z
′
5, x34x23z
′
2 = x84z41, x34z
′
3 = x54x65x76z
′
7, x84z
′
42 = x54x65z
′
6, z
′
7 6= 0.
Since dimkC(x54) ∩ C(x34x23) = 1, and x54z′5, x54z5 ∈ C(x54) ∩ C(x34x23), we have x54z5 =
λx54z
′
5 for some λ. Because rank(x54) = 3, there exists a matrix y54 such that y54x54 = I3.
Thus, z5 = λz
′
5. Moreover, z0 = λz
′
0, that is , [z0 : z5] ∈ P (k2 × k3).
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Based on (14), we have
C(x34x23) = C(g4

1 0
0 1
0 0
0 0
) and C(x84) = C(g4

0 0
1 0
0 0
0 1
).
Since
C(x84) ∩ C(x34x23) = C(g4

0
1
0
0
),
we obtain z2 = µz
′
2 and z41 = µz
′
41 for some µ ∈ k∗, that is [z2 : z41] ∈ P (k2 × k2). In the same
way, we get [z3 : z7] ∈ P (k3 × k), [z42 : z6] ∈ P (k2 × k2).
Hence, ψ is well defined, and ϕ is an isomorphism.
Let
X = {z = (z0, [λ1 : λ2], z2, z3, z41, z42, z5, z6, z7, x)|z ∈ k2 × P1 × k2 × k3 × k2 × k2 × k3 × k2 × k × Eα,
x12λ1 = z0λ2, x34x23z0 = x54z5, x34x23z2 = x84z41, x34z3 = x54x65x76z7, x84z42 = x54x65z6,[
z0 : z5
]
∈ P (k2 × k3),
[
z2 : z41
]
∈ P (k2 × k2),
[
z3 : z7
]
∈ P (k3 × k),[
z42 : z6
]
∈ P (k2 × k2)}
Then X = OE′1⊕E′2⊕E′3⊕E′4 .
Set Y = Oτ−2P (7)⊕E′′2⊕E′′3⊕E′′4⊕I(1). Since
HomΛ(τ
−2P (7), I(1)) = HomΛ(E
′′
i , I(1)) = 0, i = 2, 3, 4
〈dim τ−2P (7),dimE′′i 〉 = dimkHomΛ(τ−2P (7), E′′i ) = 0, i = 2, 3, 4,
we have
dimkEndΛ(τ
−2P (7)⊕ E′′2 ⊕ E′′3 ⊕ E′′4 ⊕ I(1)) = 5, dimX = dimY + 1.
Furthermore, up to the isomorphism ϕ, we have
Y = {z|z ∈ X,λ2 = 0}
Let p : X → Y be the canonical projection from X to Y . Thus, Lemma 6.4.1 follows from the
lemma 5.1.2. 
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6.5. Type E˜8. Let Q be the quiver
9

1 // 2 // 3 4oo 5oo 6oo 7oo 8oo
There are three non-homogeneous tubes T1,T2,T3, respectively of periods 2, 3, 5. Let E1, E2 be
the regular simples in T1, let E′1, E′2, E′3 be the regualr simples in T2, and let E′′1 , E′′2 , E′′3 .E′′4 , E′′5
be the regular simples in T3. Their dimension vectors are given as follows
T1: (1, 2, 3, 2, 2, 1, 1, 0, 2), (1, 2, 3, 3, 2, 2, 1, 1, 1);
T2: (1, 2, 2, 1, 1, 1, 0, 0, 1), (0, 1, 2, 2, 2, 1, 1, 1, 1), (1, 1, 2, 2, 1, 1, 1, 0, 1);
T3: (1, 1, 1, 1, 1, 0, 0, 0, 0), (0, 1, 1, 1, 0, 0, 0, 0, 1), (1, 1, 2, 1, 1, 1, 1, 1, 1),(0, 1, 1, 1, 1, 1, 1, 0, 0),
(0, 0, 1, 1, 1, 1, 0, 0, 1).
Lemma 6.5.1. Set X1 = OE1⊕E2 ,X2 = OE′1⊕E′2⊕E′3 , and X3 = OE′′1⊕E′′2⊕E′′3⊕E′′4⊕E′′5 . Then
ICXi(Ql) has the purity property for any i = 1, 2, 3.
Proof. We only prove for i = 1. The other cases can be proved similarly. Let V be the I−graded
vector space V = ⊕9i=1Vi, and V1 = V7 = k2, V2 = V5 = k4, V3 = k6, V4 = k5, V6 = V9 = k3, V8 =
k. Set α = (2, 4, 6, 5, 4, 3, 2, 1, 3) ∈ N[I], then
Eα = EV = {x| x = (x12, x23, x43, x54, x65, x76, x87, x93),
x12 ∈M42(k), x23 ∈M64(k), x43 ∈M65(k), x54 ∈M54(k), x65 ∈M43(k), x76 ∈M32(k),
x87 ∈M21(k), x93 ∈M63(k)}.
Thanks to [DR], we can get E1 ⊕ E2 =M(x), where x ∈ Eα and
x12 =

0 0
1 0
0 0
0 1
 , x23 =

0 0 0 0
1 0 0 0
0 1 0 0
0 0 0 0
0 0 1 0
0 0 0 1

, x43 =

1 0 0 0 0
0 1 0 0 0
0 0 0 0 0
0 0 1 0 0
0 0 0 1 0
0 0 0 0 1

, x54 =

1 0 0 0
0 1 0 0
0 0 1 0
0 0 0 1
0 0 0 0

,
x65 =

1 0 0
0 0 0
0 1 0
0 0 1
 , x76 =
 1 00 1
0 0
 , x87 =
[
0
1
]
, x93 =

1 0 0
1 1 0
0 1 0
0 0 1
0 0 1
0 0 1.

.
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For any x ∈ OE1⊕E2 , there exists (gi)i∈I ∈ GLα such that
x12 = g2

0 0
1 0
0 0
0 1
 g−11 , x23 = g3

0 0 0 0
1 0 0 0
0 1 0 0
0 0 0 0
0 0 1 0
0 0 0 1

g−12 , x43 = g3

1 0 0 0 0
0 1 0 0 0
0 0 0 0 0
0 0 1 0 0
0 0 0 1 0
0 0 0 0 1

g−14 ,(17)
x54 = g4

1 0 0 0
0 1 0 0
0 0 1 0
0 0 0 1
0 0 0 0

g−15 , x65 = g5

1 0 0
0 0 0
0 1 0
0 0 1
 g−16 , x76 = g6
 1 00 1
0 0
 g−17 ,
x87 = g7
[
0
1
]
g−18 , x93 = g3

1 0 0
1 1 0
0 1 0
0 0 1
0 0 1
0 0 1

g−19 .
Set
Z = {z = (z11, z12, z2, z3, z4, z5, z6, z7, z8, [λ1 : λ2], z91, z92, z93, x)|
z ∈ k2 × k2 × k4 × k4 × k5 × k4 × k3 × k2 × k2 × P1 × k3 × k3 × k3 × Eα, x87λ1 = z8λ2,
x23z2 = x43x54z5, x23z3 = x43x54x65z6, x93z91 = x43x54x65x76z7 + x23z2,
x93z92 = x23x12z11 + x43x54z5, x23x12z12 = x43z4,
x93z93 = x43x54x65x76z8 + x23z3 + x23x12z12,
[z3 : z6] ∈ P (k4 × k3), [z12 : z4] ∈ P (k2 × k5),
[
z11 z12
]
,
[
z7 z8
]
∈ GL2,[
x76z7 x76z8 z6
]
∈ GL3
[
z2 x12z11 z3 x12z12
]
∈ GL4,[
x65x76z7 z5 x65x76z8 x65z6
]
∈ GL4,[
x43x54x65x76z7 x43x54z5 x23x12z11 x43x54x65x76z8 x43x54x65z6 x43z4
]
∈ GL6,[
z91 z92 z93
]
∈ GL3,
[
x54x65x76z7 x54z5 x54x65x76z8 x54x65z6 z4
]
∈ GL5, λ1λ2 6= 0}
We define the polynomial map
ϕ : Z −→ OE1⊕E2
by ϕ(z) = x.
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If we take
g1 =
[
z11 z12
]
, g2 =
[
z2 x12z11 z3 x12z12
]
,
g3 =
[
x43x54x65x76z7 x43x54z5 x23x12z11 x43x54x65x76z8 x43x54x65z6 x43z4
]
,
g4 =
[
x54x65x76z7 x54z5 x54x65x76z8 x54x65z6 z4
]
, g5 =
[
x65x76z7 z5 x65x76z8 x65z6
]
,
g6 =
[
x76z7 x76z8 z6
]
, g7 =
[
z7 z8
]
,
one may get x ∈ Eα satisfies (17), that is, ϕ is well defined.
On the other hand, we have the inverse map ψ of ϕ
ψ : OE1⊕E2 −→ Z,ψ(x) = z,
and z is defined as in the following.
Since x ∈ OE1⊕E2 , there exists (gi)i ∈ GLdimE1⊕E2 such that x satisfies (17). Moreover,
x23g2

1
0
0
0
 = x43x54g5

0
1
0
0
 , x23g2

0
0
1
0
 = x43x54x65g6
 00
1
 ,(18)
x23x12g1
[
0
1
]
= x43g4

0
0
0
0
1

, x93g9
 10
0
 = x43x54x65x76g7
[
1
0
]
+ x23g2

1
0
0
0
 ,
x93g9
 01
0
 = x23x12g1
[
1
0
]
+ x43x54g5

0
1
0
0
 ,
x93g9
 00
1
 = x43x54x65x76x87g8 + x23g2

0
0
1
0
+ x23g2

0
0
1
0
+ x23x12g1
[
0
1
]
.
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Set
z11 = g1
[
1
0
]
, z12 = g1
[
0
1
]
, z2 = g2

1
0
0
0
 , z3 = g2

0
0
1
0
 , z4 = g4

0
0
0
0
1

, z5 = g5

0
1
0
0
 ,
z6 = g6
 00
1
 , z7 = g7
[
1
0
]
, z8 = x87g8,
λ1
λ2
= g8,
then we have z = (z11, z12, z2, z3, z4, z5, z6, z7, z8, [λ1 : λ2], z91, z92, z93, x) ∈ Z.
Suppose z′ = (z′11, z
′
12, z
′
2, z
′
3, z
′
4, z
′
5, z
′
6, z
′
7, z
′
8, [λ
′
1 : λ
′
2], z
′
91, z
′
92, z
′
93, x) ∈ Z, then we also have
x23z
′
2 = x43x54z
′
5, x23z
′
3 = x43x54x65z
′
6, x87λ
′
1 = z
′
8λ
′
2,(19)
x93z
′
91 = x43x54x65x76z
′
7 + x23z
′
2, x93z
′
92 = x23x12z
′
11 + x43x54z
′
5,
x23x12z
′
12 = x43z
′
4, x93z
′
93 = x43x54x65x76z
′
8 + x23z
′
3 + x23x12z
′
12.
Based on (17), we obtain
C(x23) = C(g3

0 0 0 0
1 0 0 0
0 1 0 0
0 0 0 0
0 0 1 0
0 0 0 1

), and C(x43x54x65) = C(g3

1 0 0
0 0 0
0 0 0
0 1 0
0 0 1
0 0 0

),
C(x23x12) = C(g3

0 0
0 0
1 0
0 0
0 0
0 1

) and C(x43) = C(g3

1 0 0 0 0
0 1 0 0 0
0 0 0 0 0
0 0 1 0 0
0 0 0 1 0
0 0 0 0 1

)
Therefore,
C(x43x54x65) ∩ C(x23) = C(g3

0
0
0
0
1
0

), C(x23x12) ∩ C(x43) = C(g3

0
0
0
0
0
1

).
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It implies that z′3 = µz3, z
′
6 = µz6, z
′
12 = νz12, and z
′
4 = νz4 for some µ and ν, that is, [z3 : z6] ∈
P (k4 × k3) and [z12 : z4] ∈ P (k2 × k5).
Hence ψ is well defined, and ϕ is an isomorphism.
Let
X = {z = (z11, z12, z2, z3, z4, z5, z6, z7, z8, [λ1 : λ2], z91, z92, z93, x)|
z ∈ k2 × k2 × k4 × k4 × k5 × k4 × k3 × k2 × k2 × P1 × k3 × k3 × k3 × Eα, x23z2 = x43x54z5,
x23z3 = x43x54x65z6, x93z91 = x43x54x65x76z7 + x23z2, x93z92 = x23x12z11 + x43x54z5,
x23x12z12 = x43z4, x93z93 = x43x54x65x76x87z8 + x23z3 + x23x12z12, x87λ1 = z8λ2,
[z3 : z6] ∈ P (k4 × k3), [z12 : z4] ∈ P (k2 × k5)}
,
then we get X = OE1⊕E2 .
Let P be the pre-projective with dimension vector (123322101), and set Y = OP⊕E1⊕I(8).
Since
HomΛ(P, I(8)) = HomΛ(E1, I(8)) = 0,
〈dimP,dimE1〉 = HomΛ(P,E1) = 0,
we get
dimEndΛ(P ⊕ E1 ⊕ I(8)) = 3, dimX = dimY + 1.
Furthermore, up to the isomorphism ϕ, we have
Y = {z|z ∈ X,λ2 = 0}.
Let x′ ∈ Eα such that x = (0, x87, 0) + x′ and define
p : X −→ Y, p(z) = (z11, z12, z2, z3, z4, z5, z6, z7, z8, [λ1 : 0], z91, z92, z93, x′).
Applying Lemma 5.1.2, the proof is complete.

Furthermore, in the same way, we can prove that the closure of orbits of semi-simple objects
has the purity property.
In order to prove Theorem 5.1.1, we not only need to discuss the closure of semi-simple objects
in Ti which has purity property, but also need to study the fibres of p3.
7. The Fibres of p3
7.1. Let Pγ be the set of Λ modules of dimension vector γ, up to isomorphism. From the
definition of p3 in 1.3, it follows that p3
−1(L) = ∪N∈Pβ ,N⊆LZL,M,N . Thus we need to discuss
some properties of the variety ZL,M,N . In fact, we know that g
L
MN is the number of rational
points of the variety ZL,M,N . Set ZL = {(M,N)|(M,N) ∈ Pα ×Pβ, N ⊆ L, and L/N ∼=M}. If
ZL has only finitely many elements, then p
−1(L) has a natural stratification with strata ZL,M,N
indexed by (M,N) ∈ ZL.
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For the convenience of discussions below, we need to introduce some notations about the BGP
reflection functors (see[BGP] or[DR]).
We define σiQ to be the quiver obtained from Q by reversing the direction of every arrow
connected to the vertex i. If i is a sink of Q, σ+i is defined as follows:
σ+i : modΛ −→ modσiΛ,
where Λ = Fq(Q) (resp. Λ = k(Q)) and σiΛ = Fq(σiQ) (resp. σiΛ = k(σiQ)) are path
algebras. Therefore σ+i is an exact functor on the full subcategory modΛ(i) of modΛ consisting
of modules which does not have Si as a direct summand, and induce quasi-inverse equivalence
between modΛ(i) and the full subcategory modσiΛ(i) consisting of modules which does not
have direct summand isomorphic to the simple injective module Si.
According to the notation of Hall polynomial (see [R3]), we use | · | to denote the ordinary
cardinality of a finite set.
Lemma 7.1.1. Let M,M1,M2 and N be Λ− modules and let N (resp. M2) be a pre-projective
( resp. regular). If HomΛ(M2,M1) = 0, then
gM⊕M2M1⊕M2,N = g
M
M1,N
|HomΛ(M,M2)|
|HomΛ(M1,M2)| .
Proof. Let X,Y and L be Λ−modules, and set
W (X,Y ;L) = {(f, g) ∈ HomΛ(X,L)×HomΛ(L, Y )|
0 −→ X −→ L −→ Y −→ 0 is a short exact sequence }.
The action of Aut(X)×Aut(Y ) on W (X,Y ;L) is defined by
(a, c)(f, g) = (fa, c−1g).
It induces the orbit space
V (X,Y ;L) = {(f, g)∧|(f, g) ∈W (X,Y ;L)}.
Then |V (X,Y ;L)| = gLY X .
Note that the actions of Aut(N) × Aut(M1 ⊕M2) and Aut(N) × Aut(M1) on W (N,M1 ⊕
M2;M ⊕M2) and W (N,M1;M), respectively, are free. So we have
|V (N,M1;M)| = |W (N,M1;M)||Aut(N)||Aut(M1)| , and(20)
|V (N,M1 ⊕M2;M ⊕M2)| = |W (N,M1⊕M2;M⊕M2)||Aut(N)||Aut(M1⊕M2)| .
If (
[
f1
f2
]
,
[
g11 0
g21 g22
]
) ∈ W (N,M1 ⊕M2;M ⊕M2). By the regular part of modΛ is an
abelian subcategory, then we get g22 is injective. So is invertible and f2 = −g−122 g21f1.
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Consider the map
ϕ :W (N,M1 ⊕M2;M ⊕M2) −→W (N,M1;M)×HomΛ(M,M2)×Aut(M2),
(
[
f1
−g−122 g21f1
]
,
[
g11 0
g21 g22
]
) 7−→ (f1, g11, g21, g22).
It is easy to see that the inverse map ψ of ϕ is
ψ : W (N,M1;M)×HomΛ(M,M2)×Aut(M2) −→ W (N,M1 ⊕M2;M ⊕M2),
(f1, g11, g21, g22) 7−→ (
[
f1
−g−122 g21f1
]
,
[
g11 0
g21 g22
]
).
Thus, ϕ is an isomorphism. Therefore, we have
|W (N,M1 ⊕M2;M ⊕M2)| = |W (N,M1;M)||HomΛ(M,M2)×Aut(M2)|.(21)
Hence the proof follows from (20) and (21). 
Proposition 7.1.1. Let S be a simple projective module of kQ ( except Q = E˜8) corresponding
to a unique sink point, P be a preprojective, and let M be a regular semi-simple object in Ti
for some i, 1 6 i 6 l. Then p−13 |OM×OS(P ⊕ L) has the purity property.
Proof. If gP⊕LMS 6= 0, we have
0 −→ S f−→ P ⊕ L

 g1
g2


t
−→ M −→ 0.
According to the representation theory of quivers, we know that L ∈ Ti. First, we claim that L is a
regular semi-simple submodule ofM. Obviously, g2 is a monomorphism. Let, otherwise, radTi(L)
be the regular radical of L in the full sub-category Ti of modΛ, then we have g2(radTi(L)) = 0
and radTi(L) ⊆ Im(f). But HomΛ(radTi(L), S) = 0, this is a contradiction.
Because M and L are semi-simple in Ti, by g2 is a monomorphism, there exists a morphism l2
from M to L such that l2g2 = idL. Then M =M1 ⊕ Im(g2), where M1 = {x− g2l2(x)|x ∈M}.
Since M ∼=M1⊕ Im(g2), the above short exact sequence may be rewritten as following form:
0 −→ S

 f1−g−122 g21f1


−→ P ⊕ L

 g11 0
g21 g22


−→ M1 ⊕ Im(g2) −→ 0
where g22 is an isomorphism. Moreover,
0 −→ S f1−→ P g11−→M1 −→ 0.
For any
(
[
f1
f2
]
,
[
g11 g12
g21 g22
]
) ∈W (S,M1 ⊕ L;P ⊕ L).
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Because
[
g12
g22
]
is a split monomorphism, there is a morphism
[
l21 l22
]
from M1 ⊕ L to L
such that [
l21 l22
] [ g12
g22
]
= idL.
Without loss of generality, we may assume that l22 is invertible up to an automorphism in
AutmodΛ(M1 ⊕ L).
Since[
idM1 −g12
0 idL
][
idM1 0
l21 l22
][
g11 g12
g21 g22
]
=
[
g11 − g12(l21g11 + l22g21) 0
l21g11 + l22g21 idL
]
,
we have c =
[
idM1 −g12
0 idL
][
idM1 0
l21 l22
]
∈ AutΛ(M1 ⊕ L) such that
c
[
g11 g12
g21 g22
]
=
[
g′11 0
g′21 1
]
.
Thus
V (S,M1⊕L;P⊕L) = {(
[
f1
−g21f1
]
,
[
g11 0
g21 1
]
)∧|(
[
f1
−g21f1
]
,
[
g11 0
g21 1
]
) ∈W (S,M1⊕L;P⊕L)}.
Consider the map
ϕ : V (S,M1 ⊕ L;P ⊕ L) −→ V (S,M1;P )
sending (
[
f1
−g21f1
]
,
[
g11 0
g21 1
]
)∧ to (f1, g11)
∧. Let V (g11) = {hg11|h ∈ HomΛ(M1, L)}. Then
V (g11) is a k− vector subspace of HomΛ(P,L) . Because g11 is an epimorphism, we have
V (g11) ∼= HomΛ(M1, L) as a k−spaces. Therefore
(A)
{
ϕ−1((f1, g11)
∧) = HomΛ(P,L)/V (g11) = A
dimkHomΛ(P,L)/V (g11),
|V (S,M1 ⊕ L;P ⊕ L)| = |V (S,M1;P )| × |AdimkHomΛ(P,L)/V (g11)|.
The rest of the proof can be divided into several cases:
Case 1 : Q = A˜n.
Let Ei, 1 ≤ i ≤ n be simple objects in the full non-homgeneous subcategory of Λ − mod
corresponding to the dimension vectors listed in 6.1. Since there is only one simple object En
such that Ext1(En, S) 6= 0, by Lemma 6.1, we only need to discuss the case N = ⊕mEn.
Because P (n)
⊕⊕(m − 1)En is a unique non-trivial extension of S by N, it is easy to see
that g
P (n)
⊕
⊕(m−1)En
mEn,S
= 1.
Set M = ⊕anEn
⊕⊕i 6=naiEi. Since
HomΛ(⊕i 6=naiEi,⊕anEn) = HomΛ(⊕anEn,⊕i 6=naiEi) = 0,
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we obtain, by Lemma 7.1.1,
g
(P (n)⊕(an−1)En)
⊕
(⊕i6=naiEi)
⊕anEn
⊕
⊕i6=naiEi,S
= g
P (n)⊕(an−1)En
⊕anEn,S
|HomΛ(P (n)⊕ (an − 1)En,⊕i 6=naiEi)|
= |HomΛ(P (n),⊕i 6=naiEi)|
.
Moreover,
Z(P (n)⊕(an−1)En)
⊕
⊕i6=naiEi,M,S = HomΛ(P (n),⊕i 6=naiEi),
(p−13 |OM×OS )(P (n)⊕ (an − 1)En)
⊕
(⊕i 6=naiEi) = HomΛ(P (n),⊕i 6=naiEi).
Therefore Z(P (n)⊕(an−1)En)
⊕
(⊕i6=naiEi),M,S has the purity property.
Case 2 : Q = D˜n, n ≥ 4.
We only consider T1 in 6.2. The other cases can be proved similarly. Let Ei, i = 1, 2 be simple
objects in the full subcategory T1 of Λ −mod corresponding to the dimension vectors listed in
6.2.
Since
dimkExt
1(Ei, S) = −〈dimEi,dimS〉 = 1,
we have
dimkExt
1(⊕mEi, S) = m.
Moreover,
ξ : 0 −→ S
fξ=

 1−1


−→ P (1)⊕ P (n)
gξ=
[
g1 g2
]
−→ E1 −→ 0
and
η : 0 −→ S

 1−1


−→ P (2) ⊕ P (n+ 1) −→ E2 −→ 0
are unique non-trivial extensions of S by E1 and E2, respectively.
Based on the claim above, let M be a non-trivial extension of S by ⊕mE 1
⊕⊕rE 2, then it
is of the form P
⊕
(⊕(m − a)E1 ⊕ ⊕(r − b)E2) for some 0 ≤ a ≤ m, 0 ≤ b ≤ r, where P is a
pre-projective.
Obviously, the non-trivial extension of S by ⊕mE1 (resp.⊕rE2) has a unique form P (1) ⊕
P (n)
⊕⊕(m− 1)E1 (resp. P (2) ⊕ P (n+ 1)⊕⊕(r − 1)E2).
Since
|Ext1Λ(⊕mE1, S)P (1)⊕P (n)⊕⊕(m−1)E1 | = |Ext1Λ(⊕mE2, S)P (2)⊕P (n+1)⊕⊕(m−1)E2 | = qm − 1,
gLMN =
|Ext1(M,N)L||Aut(L)|
|Aut(M)||Aut(N)||Hom|(M,N)| ,
we obtain
g
P (1)⊕P (n)
⊕
⊕(m−1)E1
⊕mE1,S
= g
P (2)⊕P (n+1)
⊕
⊕(m−1)E2
⊕mE2,S
= qm−1(q − 1).
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Applying Lemma 7.1.1, we get
g
P (1)⊕P (n)⊕(m−1)E1
⊕
⊕rE2
⊕mE1
⊕
⊕rE2,S
= qm−1(q − 1)|HomΛ(P (1) ⊕ P (n),⊕rE2)|,
g
P (2)⊕P (n+1)⊕(m−1)E 2
⊕
⊕rE1
⊕mE2
⊕
⊕rE1,S
= qm−1(q − 1)|HomΛ(P (2) ⊕ P (n+ 1),⊕rE1)|.
Moreover, by (A) and Lemma 16.13 in [KW], we have that
V (S,⊕mE2
⊕⊕rE1;P (1) ⊕ P (n)⊕ (m− 1)E1⊕⊕rE2),
V (S,⊕mE2
⊕⊕rE1;P (2) ⊕ P (n + 1)⊕ (m− 1)E2⊕⊕rE1)
have the purity property.
Because Ext1(⊕mE1,⊕mE1) = 0, we get O⊕mE1 = Edim⊕mE1 .
So,
(p−13 |O⊕mE1×OS )(P (1) ⊕ P (n)⊕ (m− 1)E1) = P
dimHom(S,P (1)⊕P (n)⊕(m−1)E1)−1.
Thus,
(p−13 |O⊕mE1×OS )(P (1) ⊕ P (n)⊕ (m− 1)E1)
has purity property.
We now consider the cases m 6= 0, r 6= 0. By (A) and Mayer-Vietoris sequence, we may
consider the case a = m, b = r, only.
Consider the short exact sequence
0 −→ S −→ P −→ ⊕mE1
⊕
⊕rE2 −→ 0.(22)
Applying Hom(⊕mE1
⊕⊕rE2, ) to (22) we have
0 −→ Hom(⊕mE1
⊕⊕rE2, S) −→ Hom(⊕mE1⊕⊕rE2, P )
−→ Hom(⊕mE1
⊕⊕rE2,⊕mE1⊕⊕rE2) −→ Ext1(⊕mE1⊕⊕rE2, S)
−→ Ext1(⊕mE1
⊕⊕rE2, P ) −→ Ext1(⊕mE1⊕⊕rE2,⊕mE1⊕⊕rE2) −→ 0 .
Since
Hom(⊕mE1
⊕
⊕rE2, S) = Hom(⊕mE1
⊕
⊕rE2, P ) = 0,
we get
m2 + r2 ≤ m+ r.
Thus
m = r = 1.
We now have the short exact sequence
0 −→ S −→ P −→ E1 ⊕ E2 −→ 0.(23)
If we also have the short exact sequence
0 −→ S −→ P f−→ X −→ 0(24)
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where X ≇ E1 ⊕ E2.
Suppose that P is indecomposable. By the projectivity of simple module S, we obtain
Hom(P, S) = 0. In addition, by AR-theory, we have Hom(X,S) = 0 and Hom(X,P ) = 0.
Since
< dimX,dimS >= dimHom(X,S) − dimExt1(X,S) = −dimExt1(X,S),
< dim(E1 + E2),dimS >= dimHom(E1 + E2, S)− dimExt1(E1 +E2, S) = −dimExt1(E1 + E2, S),
and < dimX,dimS >=< dim(E1 + E2),dimS >,
we have Ext1(X,S) = k2
Applying Hom(X, ) to (24) again, we have
0 −→ Hom(X,S) −→ Hom(X,P ) −→ Hom(X,X)
f∗−→ Ext1(X,S) −→ Ext1(X,P ) −→ Ext1(X,X) −→ 0.
Because f∗ is injective, we get dimkEnd(X) ≤ 2. Thus X /∈ OE1⊕E2 .
Suppose that P is decomposable. Since
〈δ,dimP 〉 = 〈δ,dimS〉 = −2,
we may assume that P = P1 ⊕ P2 with P1 and P2 being pre-projective indecomposable. For
convenience, we may assume that n = 4. Let Yi, i = 1, 2, 4, 5 be pre-projective indecomposables
of dimension vector (01211), (10211), (11201), (11210), respectively. Then P ∼= P (1) ⊕ Y1, or
P ∼= P (2) ⊕ Y2, or P ∼= P (4) ⊕ Y4, or P ∼= P (5) ⊕ Y5. Without loss of generality, we set
P = P (1)⊕ Y1.
Consider
0 −→ S −→ P −→ E1 ⊕E2 −→ 0.(25)
Since
dimHom(P (1), E1) = 〈dimP (1),dimE1〉 = 1, dimHom(P (1), E2) = 〈dimP (1),dimE2〉 = 0,
dimHom(Y1, E1) = 〈dimY1,dimE1〉 = 0, dimHom(Y1, E2) = 〈dimY1,dimE2〉 = 1.
The short exact seqence (25) turns into the following form
0 −→ S −→ P (1) ⊕ Y1

 f1 0
0 f2


−→ E1 ⊕ E2 −→ 0.
But dimIm(f1) ≤ dimP (1) = 2 < 3 = dimE1. This gives a contradiction. Thus P must be
indecomposable.
We first point out that P is the extension of S by E1⊕E2. In fact, P ∼=M(x), and E1⊕E2 ∼=
M(y), where x13 =
 10
1
 , x23 =
 10
0
 , x43 =
 01
0
 , x53 =
 01
1
 ; y13 =
[
1
0
]
, y23 =
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0
1
]
, y43 =
[
1
0
]
, y53 =
[
0
1
]
. It is easy to see that (fi)i is an epimorphism from P to
E1 ⊕ E2, here f1 = f5 = −1, f2 = f4 = 1, f3 =
[
0 1 −1
1 0 −1
]
.
From the discussions above, we obtain
(p−13 |OE1⊕E2×OS)(P ) = V (S,E1 ⊕ E2;P ).
Let X be the set of epimorphisms from P to E1 ⊕ E2. Then
V (S,E1 ⊕ E2;P ) = X/Aut(E1 ⊕ E2).
Here the action of AutΛ(E1 ⊕ E2) on X is defined by
h ◦ f = hf.
Since
HomΛ(P,E1 ⊕ E2) = {(fi)i|f1 = a, f2 = b, f4 = −a, f5 = −b, f3 =
[
0 −a a
b 0 −b
]
, a, b ∈ k},
EndΛ(E1 ⊕ E2) = {(hi)i|h1 = c, h2 = d, h4 = c, h5 = d, h3 =
[
c 0
0 d
]
, c, d ∈ k},
we have
X = {(fi)i|(fi)i ∈ HomΛ(P,E1 ⊕ E2), a 6= 0, b 6= 0},
AutΛ(E1 ⊕E2) = {(hi)i|(hi)i ∈ EndΛ(E1 ⊕ E2), c 6= 0, d 6= 0}.
ThenX/Aut(E1⊕E2) has only one point correspond to the orbit of (1, 1,
[
0 −1 1
1 0 −1
]
,−1,−1),
that is,
V (S,E1 ⊕ E2;P ) = {1 point }.
Thus (p−13 |OE1⊕E2×OS )(P ) has the purity property.
Case 3 : Q = E˜6
We only consider T1 in 6.3. Other cases can be proved similarly. Let Ei, i = 1, 2 be simple
objects in the full subcategory T1 of Λ −mod corresponding to the dimension vectors listed in
6.3.
Since
dimExt1(E1, S) = −〈dimE1,dimS〉 = 1, and dimExt1(E2, S) = −〈dimE2,dimS〉 = 2,
we have
dimExt1(⊕mE1, S) = m,dimExt1(⊕mE2, S) = 2m.
Let X and Y1 be indecomposable pre-projective modules of dimension vectors (0121010) and
(0111000), respectively.
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Then
ζ : 0 −→ S


1
1
−1


−→ P (1) ⊕ P (5)⊕ P (7) −→ E1 −→ 0
and
ζ1 : 0 −→ S (fi)i∈I−→ X −→ E2 −→ 0,
ζ1 : 0 −→ S

 1−1


−→ P (6) ⊕ Y1 −→ E2 −→ 0
is a basis of Ext1(E1, S) and Ext
1(E2, S), respectively, where f3 =
[
1
−1
]
, fi = 0, i 6= 3.
Based on the claim above, we may assume that P
⊕
(⊕(m−a)E1⊕⊕(r−b)E2) is a non-trivial
extension of S by ⊕mE1 ⊕⊕rE2 for some 0 ≤ a ≤ m, 0 ≤ b ≤ r, where P is a preprojective.
Up to isomorphism, (P (1)⊕P (5)⊕P (7))⊕(⊕(m− 1)E1) is the unique non-trivial extension
of S by ⊕mE1.
Base on [Z], we known that for any X ∈ EdimmE1 we have X ∈ OmE1 .
By the proof of Lemma 16.13 in [KW], we get that
p3|O⊕mE1×OS
−1(P (1) ⊕ P (5)⊕ P (7) ⊕ (m− 1)E1)
= (Hom(S,P (1) ⊕ P (5) ⊕ P (7)⊕ (m− 1)E1)− {0})/k∗ = P dimkHom(S,P (1)⊕P (5)⊕P (7)⊕(m−1)E1)−1.
has the purity property.
Because of E1 = τ(E2) , we can reduce the problem p
−1
3 (P (1) ⊕ P (5) ⊕ P (7) ⊕ (m −
1)E1
⊕⊕rE2) into the same problem of the pair (τ−1(S), τ−1(E1)) .
Since E2 is non-sincere, we can also reduce the problem of Ext
1
Λ(⊕mE2, S) into the same
problem of Ext1Λ′(⊕mE2, S), where Λ′ is the path algebra of Dynkin quiver D4 :
6
❃
❃❃
❃❃
❃❃
❃
3 4oo
2
@@        
Fig.7.1
We know that the AR− quiver of D4 is
where P(3)=S.
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P (6) =
1
1 0
0
&&◆◆
◆◆
Y1 =
0
1 1
1
&&▼▼
▼▼
N1 =
1
0 0
0
P (3) =
0
1 0
0
77♦♦♦♦
''❖❖
❖❖
// P (2) =
0
1 0
1
// X =
1
2 1
1
88qqqq
&&▼▼
▼▼
// Y2 =
1
1 1
0
// Z =
1
1 1
1
88qqqq
&&▼▼
▼▼
// N2 =
0
0 0
1
P (4) =
0
1 1
0
88♣♣♣♣
Y3 =
1
1 0
1
88qqqq
N3 =
0
0 1
0
Fig.7.2
Let Y,N be any Λ− modules, and let N1 = S6, N2 = S2, N3 = S4. We denote by WN the set
of maps w : S → Y such that either w = 0 or HomΛ(N,Cokw) 6= 0, and denote by Wt the set of
maps w : S → Y which factor through P (t). Suppose HomΛ(S, Y ) = kn+1, then the coordinate
ring of HomΛ(S, Y ) is k[T0, · · · , Tn].
The action of k∗ = Aut(S) on HomΛ(S, Y ) = k
n+1 is defined by
a ◦ (w0, · · · , wn) = (w0a, · · · , wna).
When Y = X, we have HomΛ(S,X) = k
2, and the coordinate ring of HomΛ(S,X) is k[T0, T1].
Let rNj be the defining relations of WNj , then rN1 = T1, rN2 = T0, rN3 = T0 − T1, that is,
WNj = L (rNj ) for j = 1, 2, 3.
Thanks to the Corollary on page 166 in [R3], we get
ZE2,S,X = (A
2 − ∪3j=1L (rNj ))/k∗ = P 1 − {[1 : 0], [0 : 1], [1 : 1]}.
Since
dimkHomΛ(S,E2) = 〈dimS,dimE2〉 = 1,
we have
HomΛ(S,X
⊕
⊕(m− 1)E2) = km+1.
For any 0 6= w ∈ HomΛ(S,X
⊕⊕(m− 1)E2), suppose
Cokw = a1Y1 ⊕ a2Y2 ⊕ a3Y3 ⊕ (m− i)E2 ⊕ b1N1 ⊕ b2N2 ⊕ b3N3.
Then we have 
a1 + a2 + a3 = i
a2 + a3 + b1 = i
a3 + a1 + b2 = i
a1 + a2 + b3 = i.
(26)
Then aj = bj , for all j, and bj = 0, aj = 0 if HomΛ(Nj , Cokw) = 0 for all j, that is,
Cokw ∼= ⊕mE2. So we have rCokw∼=⊕mE2 = 〈T0 + T1〉.
Thus we obtain
Z⊕mE2,S,X
⊕
⊕(m−1)E2 = P
m−1.(27)
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As to the triple (⊕mE2, S, P (6) ⊕ Y1
⊕⊕(m − 1)E2) of modules, by comparing dimension
vectors of the middle term and both ends in exact sequence, similar to (26), we obtain that Ni
is still the test module of a pair (P (6)⊕ Y1
⊕⊕(m− 1)E2, S) modules.
So, we also have
Z⊕mE2,S,P (6)⊕Y1
⊕
⊕(m−1)E2 = P
m−1.
Thus
Z⊕mE2,S,X
⊕
⊕(m−1)E2 ,Z⊕mE2,S,P (6)⊕Y1
⊕
⊕(m−1)E2
have the purity property.
Now, from Fig.7.2, we have
p3|O⊕mE2×OS
−1(X
⊕⊕(m− 1)E2)
= (Hom(S,X
⊕⊕(m− 1)E2)− {0})/k∗ = P dimkHom(S,X⊕⊕(m−1)E2)−1.
Similarly,
p3|O⊕mE1×OS
−1(P (1)⊕ P (5) ⊕ P (7)⊕ (m− 1)E1)
= p−13 (τ
−1(P (1) ⊕ P (5)⊕ P (7))⊕⊕(m− 1)E2)
= p−13 ((Y1 ⊕ Y2 ⊕ Y3)
⊕⊕(m− 1)E2)
= P dimHom(X,(Y1⊕Y2⊕Y3)
⊕
⊕(m−1)E2)−1.
Thus the statement is true if m = 0 or r = 0.
We now assume that m 6= 0, r 6= 0. By (A) and Mayer-Vietoris sequence, we also only need
to consider the case a = m, b = r.
Consider the short exact sequence
0 −→ S −→ P g−→ ⊕mE1
⊕
rE2 −→ 0.(28)
Applying Hom(⊕mE1
⊕⊕rE2, ) to (28), we obtain
0 −→ Hom(⊕mE1
⊕⊕rE2, S) −→ Hom(⊕mE1⊕⊕rE2, P ) −→ Hom(⊕mE1⊕⊕rE2,⊕mE1⊕⊕rE2)
g∗−→ Ext1(⊕mE1
⊕⊕rE2, S) −→ Ext1(⊕mE1⊕⊕rE2, P ) −→ Ext1(⊕mE1⊕⊕rE2, S) −→ 0
Because g∗ is an injective, we get m2 + r2 ≤ m+ 2r. Thus m = 1; r = 1, 2.
When m = r = 1, we consider the short exact sequence
0 −→ S −→ P −→ E1 ⊕ E2 −→ 0.(29)
Since 〈δ,dimP 〉 = 〈δ,dimS〉 = −3, P has at most three indecomposable objects. Otherwise,
〈δ,dimP 〉 ≤ −4.
Suppose that P ∼= P1⊕P2⊕P3 with Pi being indecomposable for i = 1, 2, 3. By the AR−quiver
of E˜6, we have
P ∼= P (1)⊕τ−1(P (1))⊕τ−2(P (1)), or P (5)⊕τ−1(P (5))⊕τ−2(P (5)), or P (7)⊕τ−1(P (7))⊕τ−2(P (7)).
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Without loss of generality, we may assume that P ∼= P (1)⊕ τ−1(P (1))⊕ τ−2(P (1)). Because
there is no epimorphism from τ−1(P (1)) to E2, by Hom(P (1)⊕ τ−2(P (1)), E2) = 0, there is no
exact sequence
0 −→ S −→ P (1) ⊕ τ−1(P1)⊕ τ−2(P1) −→ E1 ⊕ E2 −→ 0
Suppose that P is an indecomposable extension of S by E1 ⊕ E2. Let X be a module in
OE1⊕E2 \ OE1⊕E2 , and we have the following short exact sequence
0 −→ S −→ P −→ X −→ 0.(30)
Applying Hom( , S) (resp. Hom(X, )) to (30), we have
0 −→ Hom(X,S) −→ Hom(P, S) −→ Hom(S, S)
−→ Ext1(X,S) −→ Ext1(P, S) −→ Ext1(S, S) −→ 0
and
0 −→ Hom(X,S) −→ Hom(X,P ) −→ Hom(X,X)
−→ Ext1(X,S) −→ Ext1(X,P ) −→ Ext1(X,X) −→ 0.
Now, it follows fromHom(P, S) = 0,Hom(X,P ) = 0 and Ext(X,S) = k3 that dimEnd(X) ≤
3. By X ∈ OE1⊕E2 \ OE1⊕E2 , we obtain dimEnd(X) = 3.
If X ∼= X1 ⊕X2 and Xi ∈ T1, i = 1, 2, then we have X ∼= E1 ⊕ E2, a contradiction.
If X ∼= X1 ⊕ X2 and X1 ∈ Pprep, X2 ∈ T1 (resp. X1 ∈ T1 ,X2 ∈ Pprei), then by Proposi-
tion 5.1.1 we have that E1⊕E2 is an extension X1 by X2. Since T1 is an abelian subcategory of
Λ− module category, this is a contradiction.
If X ∼= X1⊕X2 and X1 ∈ Pprep,X2 ∈ Pprei, by dimEnd(X) = 3, then dimHom(X1,X2) = 1.
Suppose X1 = τ
−aP (j), then we have
1 = dimHom(τ−aP (j),X2) = dimHom(P (j), τ
aX2).
It implies that X1 = τ
−aP (2), τ−aP (4), or τ−aP (6). According to the AR−quiver of E˜6, we
have 0 ≤ a ≤ 2 and X2 = τ2−aI(2), τ2−aI(4) or τ2−aI(6).
If X ∼= X1 ⊕ X2 ⊕ X3, we have Hom(Xi,Xj) = 0 for all i 6= j. Suppose that there is one
regular term in Xi, i =, 1, 2, 3, and the other two terms are pre-projective or pre-injective, then,
similar to the above discussions, we get X /∈ OE1⊕E2 . Suppose X3 (resp. X1) is pre-injective
(resp. pre-projective), and the other two terms are pre-projective (resp. pre-injective). By
X ∈ OE1⊕E2 and dimEnd(X) = 3, dimEnd(E1 ⊕ E2) = 2, we have
0 −→ X1 ⊕X2 −→ E1 ⊕ E2 −→ X3 −→ 0.(31)
Applying Hom( ,X3) to (31), we obtain
0 −→ Hom(X3,X3) −→ Hom(E1 ⊕ E2,X3) −→ Hom(X1 ⊕X2,X3)
−→ Ext1(X3,X3) −→ Ext1(E1 ⊕ E2,X3) −→ Ext1(X1 ⊕X2,X3) −→ 0.
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Because Hom(X1 ⊕X2,X3) = 0, we can deduce that dimHom(E1 ⊕ E2,X3) = 1.
Applying Hom(E1 ⊕E2, ) to (31), we also obtain dimHom(E1 ⊕E2,X3) ≥ 2 by Hom(E1 ⊕
E2,X1 ⊕X2) = 0. This gives a contradiction.
Let X1 (resp. X2,X3) be the pre-projective (resp. regular, pre-injective) indecomposable
module such that X2 ∼= E1 or X2 ∼= E2. Suppose X2 ∼= E1, then it follows from (31) that
0 −→ X1 −→ E2 −→ X3 −→ 0.
Thus X1 ∼= τ−1P (1), or X1 ∼= τ−1P (5), or X1 ∼= τ−1P (7).
Suppose X2 ∼= E2, then it follows from (31) that
0 −→ X1 −→ E1 −→ X3 −→ 0.
Thus X3 ∼= I(1),or τ2I(1),or X3 ∼= I(5), or τ2I(5), or X3 ∼= I(7), or τ2I(7).
We, thus, only need to consider the following two cases:
(I) Let X ∼= X1⊕X2,X1 ∈ Pprep,X2 ∈ Pprei, and Hom(X1,X2) = 1. Then, X ∼= τ2−aI(2)⊕
τ−aP (2), where 0 ≤ a ≤ 2. Without loss of generality, we may only consider a = 2, that is,
X ∼= I(2)⊕ τ−2P (2). Since dimExt1(τ−2P (2), P (1)) = 1, we fixed an exact sequence as follows
0 −→ P (1) p−→ P q−→ τ−2P (2) −→ 0.
Since
dimHom(P (1), I(2)) = dimHom(S,P (1)) = 1,
we choose u0 ∈ Hom(S,P (1)) (resp. v0 ∈ Hom(P (1), I(2))) such that {u0} (resp. {v0}) is the
basis of Hom(S,P (1)) (resp. Hom(P (1), I(2))).
For any (u, v) ∈W (S,P (1); I(2)), we have following commutative diagram
0 −→ S u−→ P (1) v−→ I(2) −→ 0
‖ p ↓ ↓
0 −→ S pu−→ P π−→ Cok(pu) −→ 0.
Based on the Snake Lemma , we get Cok(pu)
w∼= I(2)⊕τ−2P (2). Thus (pu,wπ) ∈W (S, I(2)⊕
τ−2P (2);P ) by Hom(I(2), P ) = 0.
Conversely, let (f, g) ∈ W (S, I(2) ⊕ τ−2P (2);P ), by the projectivity of P (1), there exist
morphisms u = au0, p
′ = bp such that the following diagram commutes
0 −→ S u−→ P (1) v0−→ I(2) −→ 0
‖ p′ ↓
[
1
0
]
↓
0 −→ S f−→ P g−→ I(2)⊕ τ−2P (2) −→ 0.
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Thus (bu, b−1v0) ∈W (S, I(2);P (1)). We deduce that
V (S, I(2) ⊕ τ−2P (2);P ) = V (S, I(2);P (1)) = {1 point }.
(II) Let X ∼= X1⊕X2⊕X3,X1 ∈ Pprep,X2 ∈ Pregular,X3 ∈ Pprei, and Hom(Xi,Xj) = 0, i 6=
j. Based on above consider, X has nine kinds of possibility. Without loss of generality, we may
let X ∼= τ−1P (1) ⊕E1 ⊕ τI(1).
Since
Hom(P, τ−1P (1)) = Hom(P, τ−1P (5)) = Hom(P, τ−1P (7)) = 0
and
Ext1(I(1), S) = Ext1(I(5), S) = Ext1(I(7), S) = 0,
there is no exact sequence of the form (30).
From the discussions above, we obtain
p3|OE1 ⊕E2×OS
−1(P )
= V (S,E1
⊕
E2;P ) ∪. ∪. 2a=0V (S, τ2−aI(2) ⊕ τ−aP (2);P )
∪. ∪. 2a=0V (S, τ−aP (4) ⊕ τ2−aI(4);P ) ∪. ∪. 2a=0V (S, τ−aP (6)⊕ τ2−aI(6);P ).
We first point out that P is the extension of S by E1⊕E2. In fact, P ∼=M(x), and E1⊕E2 ∼=
M(y), where x12 =
[
0
1
]
, x23 =

1 0
0 0
0 1
0 0
 , x43 =

0 0
1 0
0 0
0 1
 , x54 =
[
0
1
]
,
x63 =

0 1
1 1
1 1
0 1
 , x76 =
[
0
1
]
; y12 =
[
1
0
]
, y23 =
 1 00 0
0 1
 , y43 =
 0 01 0
0 1
 , y54 =
[
1
0
]
,
y63 =
 1 01 0
0 1
 , y76 =
[
1
0
]
. It is easy to see that (fi)i is an epimorphism from P to E1 ⊕E2,
where f1 = 1, f2 =
[
1 1
1 0
]
, f3 =
 1 0 1 00 1 0 1
1 −1 0 0
 , f4 =
[
1 1
−1 0
]
, f5 = 1,
f6 =
[
1 2
−1 0
]
, f7 = 2.
Let X be the set of epimorphisms from P to E1 ⊕ E2. Then
V (S,E1 ⊕ E2;P ) = X/Aut(E1 ⊕ E2).
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Here the action of AutΛ(E1 ⊕ E2) on X is defined by
h ◦ f = hf.
Since
HomΛ(P,E1 ⊕ E2)
= {(fi)i|f1 = a, f2 =
[
b1 a
b2 0
]
, f3 =
 b1 0 a 00 a 0 b1
b2 −b2 0 0
 , f4 =
[
a b1
−b2 0
]
, f5 = b1,
f6 =
[
a a+ b1
−b2 0
]
, f7 = a+ b1; a, b1, b2 ∈ k},
EndΛ(E1 ⊕ E2)
= {(hi)i|h1 = c, h2 =
[
c 0
0 d
]
, h3 =
 c 0 00 c 0
0 0 d
 , h4 =
[
c 0
0 d
]
, h5 = c,
h6 =
[
c 0
0 d
]
, h7 = c; c, d ∈ k},
we have
X = {(fi)i|(fi)i ∈ HomΛ(P,E1 ⊕ E2), a 6= 0, b1 6= 0, b2 6= 0, a+ b1 6= 0},
AutΛ(E1 ⊕ E2) = {(hi)i|(hi)i ∈ EndΛ(E1 ⊕ E2), c 6= 0, d 6= 0}.
Hence X/Aut(E1 ⊕ E2) has the points correspond to the orbits of (f1 = 1, f2 =
[
b1/a 1
1 0
]
,
f3 =
 b1/a 0 1 00 1 0 b1/a
1 −1 0 0
 , f4 =
[
1 b1/a
−1 0
]
, f5 = b1/a, f6 =
[
1 1 + b1/a
−1 0
]
,
f7 = 1 + b1/a); b1/a 6= 0,−1, that is,
V (S,E1 ⊕ E2;P ) = A1 \ {2 point }.
Now we give the specific characterization of these two points. Let z12 =
[
1
0
]
, z23 = 1 00 0
0 1
 , z43 =
 01
−1
 , z54 = 0, x63 =
 1 01 0
0 1
 , z76 =
[
1
0
]
. We then have τ−2(P (4)) =
M(z), and then τ−2(P (4)) ⊕ I(4) = M(w), where w12 =
[
1
0
]
, w23 =
 1 00 0
0 1
 , w43 =
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−1 0
 , w54 =
[
0
1
]
, w63 =
 1 01 0
0 1
 , w76 =
[
1
0
]
. Let f = (fi)i be a morphism cor-
responds to b1 = 0 in X/Aut(E1 ⊕ E2). It is easy to see that f is an epimorphism from P to
τ−2(P (4))⊕ I(4). Thus this f is an one point in two points above. Similarly, we can get another
point. So, we prove
p3|OE1 ⊕E2×OS
−1(P )
= V (S,E1
⊕
E2;P ) ∪. ∪. 2a=0V (S, τ2−aI(2)⊕ τ−aP (2);P )
∪. ∪. 2a=0V (S, τ−aP (4)⊕ τ2−aI(4);P ) ∪. ∪. 2a=0V (S, τ−aP (6)⊕ τ2−aI(6);P )
= A1 ∪ {7 point}.
By the proof of Lemma 16.13 in [KW], we have p3|OE1⊕E2×OS
−1(P ) has purity property.
Suppose that P ∼= P1 ⊕ P2 with Pi is indecomposable for i = 1, 2. By the AR−quiver of E˜6
and [Z], we have
P ∼= P (1)⊕ τ−2(P (2)), or P (5) ⊕ τ−2(P (4)), or P (7)⊕ τ−2(P (6));
P ∼= τ−2P (1)⊕ τ−1(P (2)), or τ−2P (5)⊕ τ−1(P (4)), or τ−2P (7)⊕ τ−1(P (6)).
Without loss of generality, we assume that P ∼= P (1) ⊕ τ−2(P (2)). We claim that P is the
nontrivial extension of S by E1 ⊕ E2.
Let x12 = 0, x23 =
 11
1
 , x43 =
 0 01 0
0 1
 , x54 =
[
1
0
]
, x63 =
 1 00 0
0 1
 , x76 =
[
1
0
]
. We
then have τ−2(P (2)) =M(x).
It is easy to see that f = (fi)i (resp. ϑ = (ϑi)i ) is the epimorphism from τ
−2(P (2)) ⊕ P (1)
(resp.τ−2(P (2)) to E1⊕E2 (resp.E2 ),where f1 = 1, f2 =
[
1 0
1 1
]
, f3 =
 0 0 1 01 0 0 1
1 −1 0 0
 , f4 =
[
0 1
−1 0
]
, f5 = 1, f6 =
[
0 1
1 0
]
, f7 = 1 (resp. ϑ1 = 0, ϑ2 = 2, ϑ3 =
[
1 1 0
]
, ϑ4 =[
1 0
]
, ϑ5 = 0, ϑ6 =
[
1 0
]
, ϑ7 = 0). So we get that f is the epimorphism from P (1) ⊕
τ−1(P (2)) to E1 ⊕ E2. The claim is proved.
Suppose that there is an X satisfying E1 ⊕ E2 ≇ X and X ∈ OE1⊕E2 such that there is a
short exact sequence
0 −→ S −→ P (1)⊕ τ−2(P (2)) −→ X −→ 0.(32)
Applying Hom(X, ) to (32), we get
0 −→ Hom(X,S) −→ Hom(X,P (1) ⊕ τ−2(P (2))) −→ Hom(X,X)
−→ Ext1(X,S) −→ Ext1(X,P (1) ⊕ τ−2(P (2))) −→ Ext1(X,X) −→ 0.
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Since X not contains S as a summand, we get Hom(X,S) = 0 and
dimExt1(X,S) = −〈δ,dimS〉 = 3.
If Hom(X,P (1) ⊕ τ−2(P (2))) = 0. then we have dimEnd(X) = 3. Similar to the case of the
indecomposable P , by AR-quier of E˜6, we deduce that there does not exist an X such that (32)
holds.
Now let Hom(X,P (1) ⊕ τ−2(P (2))) 6= 0. There is an indecomposable summand τ−aP (j) of
X such that Hom(τ−aP (j), P (1) ⊕ τ−2(P (2))) 6= 0. Set X1 = τ−aP (j) and X = X1 ⊕X2.
If X1 = P (1), by Hom(P (1),X2) = 0 , we have
0 −→ S −→ τ−2(P (2)) −→ X2 −→ 0,
and
p3|OX2×OS
−1(τ−2(P (2))) ∼= p3|OP (1)⊕X2×OS
−1(P (1)⊕ τ−2(P (2))).
If X1 ≇ P (1), X1 must be non-projective. According to the AR− quiver of E˜6, we have
X1 = τ
−aP (j); j = 1, 2, 3, 4, 5, 6, 7; a = 1, 2.
Suppose a 6= 2, j 6= 2. For any f ∈ Hom(P (1), τ−aP (j)), we know that f is not an epimor-
phism. It follows from Hom(τ−2P (2), τ−aP (j)) 6= 0,dim τ−aP (j)) ≺ δ, and the AR-quiver of
E˜6 that a = 2, j = 2, and dimX2 = dim I(2). Because Ext
1(I(1), S) = 0, it follows from (32)
that X2 = I(2), that is, the following short exact sequence holds
0 −→ S −→ P (1) ⊕ τ−2P (2) −→ I(2) ⊕ τ−2(P (2)) −→ 0.
From the discussions above, we obtain
p3|OE1⊕E2×OS
−1(P (1) ⊕ τ−2P (2))
= V (S,E1 ⊕E2;P (1) ⊕ τ−2P (2)) ∪. V (S, I(2) ⊕ τ−2P (2);P (1) ⊕ τ−2P (2))
∪. [X2]p3|OP (1)⊕X2×OS
−1(P (1) ⊕ τ−2(P (2))),
where ∪. denotes the disjoint union.
Obviously,
V (S, I(2) ⊕ τ−2P (2);P (1) ⊕ τ−2P (2)) = {1 point }.
Moreover,
p3|OP (1)⊕X2×OS
−1(P (1) ⊕ τ−2(P (2)))
has the purity property by [L4].
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Let z12 =
[
0
1
]
, z23 =

1 0
1 0
1 0
0 1
 , z43 =

0 0
1 0
0 1
0 0
 , z54 =
[
1
0
]
, z63 =

1 0
0 0
0 1
0 0
 ,
z76 =
[
1
0
]
. Then τ−2P (2)⊕ P (1) ∼=M(z).
Since
HomΛ(τ
−2P (2)⊕ P (1), E1 ⊕E2)
= {(fi)i|f1 = a, f2 =
[
b1 a
b2 0
]
, f3 =
 b1 0 0 ab1 −b1 0 0
0 0 b2 0
 , f4 =
[
−b1 0
0 b2
]
, f5 = −b1,
f6 =
[
b1 0
0 b2
]
, f7 = b1; a, b1, b2 ∈ k},
let X be the set of epimorphisms from τ−2P (2)⊕ P (1) to E1 ⊕ E2. Then we have
X = {(fi)i|(fi)i ∈ HomΛ(P,E1 ⊕ E2), a 6= 0, b1 6= 0, b2 6= 0}.
Hence X/Aut(E1 ⊕ E2) has points correspond to the orbits of (f1 = a/b1, f2 =
[
1 a/b1
1 0
]
,
f3 =
 1 0 0 a/b11 −1 0 0
0 0 1 0
 , f4 =
[
−1 0
0 1
]
, f5 = −1, f6 =
[
1 0
0 1
]
,
f7 = 1); a/b1 6= 0.
Let D be an one point corresponds to a/b1 = 0 in the morphism above. Then,
V (S,E1 ⊕ E2;P ) = A1 \ {D}.
It is easy to see that this point is the point just corresponds to an epimorphism from P (1) ⊕
τ−2P (2) to I(2)⊕ τ−2P (2).
Thus
p3|OE1⊕E2×OS
−1(P (1) ⊕ τ−2P (2))
= A1 ∪. [X2]p3|OP (1)⊕X2×OS
−1(P (1)⊕ τ−2(P (2))),
where ∪. denotes the disjoint union.
By the proof of Lemma 16.13 in [KW], we have p3|OE1⊕E2×OS
−1(P (1) ⊕ τ−2P (2)) has the
purity property.
Whenm = 1, r = 2, let P be the extension of S by E1
⊕⊕2E2. Since 〈δ,dimP 〉 = 〈δ,dimS〉 =
−3, we can deduce that P has 3 indecomposable direct summands at most.
If P is also the extension of S by X with X ∈ OE1⊕⊕2E2\OE1⊕⊕2E2 , that is,
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0 −→ S −→ P −→ X −→ 0.(33)
Since 〈δ,dimP0〉 < 0 for each pre-projective P0, and 〈δ,dimP − dimS〉 = 0, we deduce P does
not contain S as a direct summand. It implies Hom(P, S) = 0.
Applying Hom( , S) and Hom(X, ) to (33), we get Hom(X,S) = 0 and dimEnd(X) ≤
5 + dimHom(X,P ).
Suppose P is an indecomposable. Because of the pre-projective component is directed part,
it follows that Hom(X,P ) = 0. Thus dimEnd(X) ≤ 5. But dimEnd(E1
⊕⊕2E2) = 5, so
there does not exist an X ∈ OE1⊕⊕2E2\OE1⊕⊕2E2 such that (33) holds. Then, similar to the
m = r = 1 case,
p3|OE1 ⊕⊕2E2×OS
−1(P ) = V (S,E1
⊕
⊕2E2;P )
has the purity property.
Suppose that P can be decomposed into two indecomposable objects, say, P ∼= P1 ⊕ P2 such
that
P ∼= τ−1P (1)⊕ τ−3P (2) or τ−1P (5) ⊕ τ−3P (4) or τ−1P (7) ⊕ τ−3P (6)
P ∼= τ−2P (2)⊕ τ−3P (1) or τ−2P (4) ⊕ τ−3P (5) or τ−1P (6) ⊕ τ−3P (7).
Without loss generality, we may assume that P ∼= τ−1P (1) ⊕ τ−3P (2).
If Hom(X,P ) = 0, it follows from dimEnd(X) ≤ 5 that X /∈ OE1⊕⊕2E2 .
If Hom(X,P ) 6= 0, similar to the case of m = r = 1, we get X ∼= τ−1P (1) ⊕ X2 and
Hom(X2, P ) = 0 or X ∼= X1 ⊕ τ−3P (2).
When X ∼= X1⊕τ−3P (2), we have X1 = τI(5)⊕τI(7). Because of Hom(τ−1P (1), τ−3P (2)) =
0, we obtained
g
τ−1P (1)
τI(5)⊕τI(7),S = g
τ−1P (1)⊕τ−3P (2)
τI(5)⊕τI(7)
⊕
τ−3P (2),S
= 1,
that is,
V (S, τI(5) ⊕ τI(7)
⊕
τ−3P (2); τ−1P (1)⊕ τ−3P (2)) = {1 point }.
When X ∼= τ−1P (1) ⊕ X2, we then have dimEnd(X) = 5 + dimHom(X,P ) = 6. Thus X2
must be decomposable, and dimEnd(X2) = 4.
Suppose X2 ∼= X21⊕X22 and X21 ∈ Pprep,X22 ∈ Pprei. It follows from dimEnd(X2) = 4 that
dimEnd(X22) + dimHom(X21,X22) ≤ 3.
On the other hand, by Proposition 5.1.1, we have
0 −→ τ−1P (1)⊕X21 −→ E1
⊕
⊕2E2 −→ X22 −→ 0.
Applying Hom( ,X22) (resp. Hom(E1
⊕⊕2E2, )) to the exact sequence above, we get
dimHomΛ(E1
⊕⊕2E2,X22) ≤ 4 (resp. dimHom(E1⊕⊕2E2,X22) ≥ 5) byHom(τ−1P (1),X2) =
k (resp. Hom(E1
⊕⊕2E2, τ−1P (1) ⊕X21) = 0).
It implies that X2 contains a summand X˜2 with X˜2 ∈ T1.
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Assume that X2 = E1 ⊕X ′2, then there does not exist any pre-projective direct summand M
of X ′2 such that Hom(M,P ) = 0 and there exists an epimorphism f ∈ Hom(P,M) by the AR−
quiver of E˜6.
If X ′2 does not contain a summand of regular module, it follows from Proposition 5.1.1 that
0 −→ τ−1P (1) −→ ⊕2E2 −→ X ′2 −→ 0.
Applying Hom(,⊕2E2), we get 4 = dimEnd(⊕2E2) ≤ 2 = dimHom(τ−1P (1),⊕2E2) =
dimHom(P (1),⊕2E1). Therefore, X ∼= τ−1P (1)⊕ E1 ⊕ E2 ⊕ τI(1).
Assume that X2 = E2 ⊕ X ′2. When X ′2 contains a pre-projective summand M such that
Hom(M,P ) = 0 and ∃f ∈ Hom(P,M) with f to be an epimorphism, we can deduce M ∼=
τ−3P (1) by the AR− quiver of E˜6. Thus X ∼= τ−1P (1) ⊕ E2 ⊕ τ−3P (1) ⊕ I(5) ⊕ I(7) and
dimEnd(X) ≥ 7, which gives a contradiction.
When X ′2 has only pre-injective summands, we get
0 −→ τ−1P (1) −→ E1 ⊕ E2 −→ X ′2 −→ 0.
ApplyingHom( , E1⊕E2) to the exact sequence above, we get a contradiction 2 = dimEnd(E1⊕
E2) ≤ 1 = dimHom(τ−1P (1), E1 ⊕ E2).
From the discussions above, we get X ∼= τ−1P (1)⊕ E1 ⊕ E2 ⊕ τI(1).
Thus
p3|OE1 ⊕⊕2E2×OS
−1(τ−1P (1) ⊕ τ−3P (2)) = V (S,E1
⊕⊕2E2; τ−1P (1)⊕ τ−3P (2))
∪. V (S, τI(5) ⊕ τI(7); τ−1P (1)∪. (p3|OE1 ⊕E2×OP (2))
−1(τ−3P (2)).
By m = r = 1, we deduce that (p3|OE1⊕E2×OP (2))
−1(τ−3P (2)) has the purity property. Thus
p3|OE1 ⊕⊕2E2×OS
−1(τ−1P (1)⊕ τ−3P (2)) has also the purity property.
Suppose P = P1 ⊕ P2 ⊕ P3. Without loss of generality, let P = τ−1P (1) ⊕ τ−2P (1)τ−3P (1).
Because S1 is a summand of top(E1/Im(f)) for any f ∈ Hom(P1⊕P2⊕P3, E1), we obtain that
P1 ⊕ P2 ⊕ P3 is not an extension of S by E1
⊕⊕2E2. The proof for the Case 3 is complete.
Case 4 : Q = E˜7.
We only consider T2 in 6.3. The other cases can be proved similarly. Let E′i, i = 1, 2, 3, be
simple objects in the full subcategory T2 of Λ−mod corresponding to dimension vectors listed
in 6.3.
Since
dimkExt
1(E′1, S) = dimkExt
1(E′2, S) = 1, dimkExt
1(E′3, S) = 2,
we have
dimkExt
1(⊕mE′1, S) = dimkExt1(⊕mE′2, S) = m,dimkExt1(⊕mE′3, S) = 2m.
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In addition, we know that
θ : 0 −→ S


1
1
−1


−→ P (1)⊕ P (7) ⊕ P (8) −→ E′1 −→ 0,
θ′ : 0 −→ S

 1−1


−→ P (2) ⊕ P (6) −→ E′2 −→ 0
is a basis of Ext1(E′1, S) and Ext
1(E′2, S), respectively.
Obviously, P (1)
⊕
P (7)
⊕
P (8)
⊕⊕(m− 1)E′1 (resp. P (2)⊕P (6)⊕⊕(m− 1)E′2) is a non-
trivial extension of S by ⊕mE′1 (resp. ⊕mE′2).
Based on the claim above, we may assume that P
⊕
(⊕(m−a)E′1⊕⊕(p−b)E′2⊕⊕(r−c)E′3) is a
non-trivial extension of S by ⊕mE′1
⊕⊕pE′2⊕⊕rE′3, for some a, b, c, where P is pre-projective.
Up to isomorphism, (P (1)⊕P (7)⊕P (8))⊕⊕(m−1)E′1 (resp. (P (2)⊕P (6))⊕⊕(m−1)E′2)
is the unique non-trivial extension of S by ⊕mE′1 (resp. ⊕mE′2).
Since
p3
−1|O⊕mE′1×OS (P (1)
⊕
P (7)
⊕
P (8)
⊕⊕(m− 1)E′1) = P 2m,
p3|−1O⊕mE′2×OS
(P (2)
⊕
P (6)
⊕⊕(m− 1)E′2) = Pm,
we can deduce that they have the purity property.
Because E′3 is non-sincere, we can reduce the study of Ext
1
Λ(⊕mE′3, S) to the study of
Ext1Λ′(⊕mE′3, S), where Λ′ is the path algebra of Dynkin quiver D4 determined by vertices
3, 4, 5 and 8.
By Case 3, we get
{
Z⊕mE′3,S,X1
⊕
⊕(m−1)E′3
= (Am+1 − ∪3j=1L (rNj ))/k∗,
Z⊕mE′3,S,(P (8)⊕Y1)
⊕
⊕(m−1)E′3
= (Am+1 − ∪3j=1L (rNj ))/k∗,
and 
p−13 |O⊕mE′3×OS(X1
⊕⊕(m− 1)E′3)
= P dimkHom(S,X1
⊕
⊕(m−1)E′3)−1,
p−13 |O⊕mE′3×OS(P (8) ⊕ Y1
⊕⊕(m− 1)E′3)
= P dimkHom(S,P (8)⊕Y1
⊕
⊕(m−1)E′3)−1.
Thus p−13 |O⊕mE′3×OS (X1
⊕⊕(m−1)E′3)) and p−13 |O⊕mE′3×OS (P (8)⊕Y1⊕⊕(m−1)E′3) have
the purity property.
Similarly, the statement is true if mp 6= 0, r = 0 or pr 6= 0,m = 0 or rm 6= 0, p = 0.
We now assume that mpr 6= 0. Because of (A) and Mayer-Vietoris sequence, we only need to
consider a = m, b = p, c = r.
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Consider the short exact sequence
0 −→ S −→ P −→ ⊕mE′1 ⊕⊕pE′2 ⊕⊕rE′3 −→ 0.(34)
Applying H(⊕mE′1
⊕⊕pE′2⊕⊕rE′3, ), i = 1, 2, 3 to (34), we get
m2 + p2 + r2 ≤ m+ p+ 2r.
Thus m = p = 1, 1 ≤ r ≤ 2.
When m = p = r = 1.
Consider the short exact sequence
0 −→ S −→ P −→ E′1 ⊕ E′2 ⊕ E′3 −→ 0.
Because 〈δ,dimP 〉 = −4, we know that P contains four indecomposable objects at most.
Suppose that P is indecomposable. Let X ∈ OE′1⊕E′2⊕E′3 such that P is an extension of S by
X. Then we have the following exact sequence
0 −→ S −→ P −→ X −→ 0.(35)
ApplyingHom( , S) (resp. Hom(X, )) to (35), we get fromHom(P, S) = 0 andHom(X,P ) =
0 that
Hom(X,S) = 0, Ext1(X,S) = k4, dimEnd(X) = 4.
If X ∼= X1 ⊕X2 with Xi indecomposable for all i = 1, 2, we have X1 ∈ Pprep,X2 ∈ Pprei and
Hom(X1,X2) = 2. Thus X1 ∼= τ−3P (3) or τ−3P (5), and X ∼= τ−3P (3)⊕I(3) or τ−3P (5)⊕I(5).
Without loss of generality, we may assume that X ∼= τ−3P (3)⊕ I(3).
Fix one exact sequence
0 −→ P (1) −→ P −→ τ−3P (3) −→ 0.
Because dimHom(P (1), I(3)) = 1, dimHom(S,P (1)) = 1, and in the same way as in (I) and
Case 3, we get
V (S, τ−3P (3)⊕ I(3);P ) ∼= V (S, I(3);P (1)) = {1 point }.
Suppose X ∼= X1 ⊕ X2 ⊕ X3 with Xi indecomposable for all i = 1, 2, 3. Then assume that
there is no regular module in Xi. Without loss of generality, let X1,X2 ∈ Pprep and X3 ∈ Pprei.
Because of Proposition 5.1.1 and dimEnd(X) = 4, we have
0 −→ X1 ⊕X2 −→ E′1 ⊕ E′2 ⊕ E′3 −→ X3 −→ 0.
Applying Hom( ,X3) (resp. Hom(E
′
1 ⊕ E′2 ⊕ E′3, )) to the sequence above, we get
dimkHomΛ(E
′
1 ⊕ E′2 ⊕ E′3,X3) ≤ 2,
dimkHomΛ(E
′
1 ⊕ E′2 ⊕ E′3,X3) ≥ 3.
This gives a contradiction. Thus X1 ∈ Pprep,X2 ∈ T2,X3 ∈ Pprei.
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When X2 ∼= E′1, since Hom(X,P ) = 0, it follows from the AR−quiver of E˜7 that X1 ∼=
τ−5P (1) or X1 ∼= τ−5P (7). Thus
X ∼= τ−5P (1)⊕ E′1 ⊕ τ2I(1) or X ∼= τ−5P (7)⊕ E′1 ⊕ τ2I(7).
By End(τ−5P (1)⊕E′1⊕ τ2I(1)) = End(τ−5P (7)⊕E′1⊕ τ2I(7)) = k3, we get a contradiction.
When X2 ∼= E′2, we get that X1 is isomorphic to τ−3P (8) or τ−iP (j) for i = 3, 4, 5, 7; j = 1, 7.
Suppose X1 ∼= τ−3P (8), and P is the extension of S by τ−3P (8)⊕ E′2 ⊕ I(8). Since
dimkHomΛ(P, τ
−3P (8)) = dimkHomΛ(P,E
′
2) = 1, dimkHomΛ(P, I(8)) = 2,
dimkHomΛ(τ
−3P (8), I(8)) = 1, AutΛ(τ
−3P (8) ⊕E′2 ⊕ I(8)) =
{
 a 0 00 b 0
d 0 c
 |a ∈ Aut(τ−3P (8)), b ∈ Aut(E′2), c ∈ Aut(I(8)), d ∈ Hom(τ−3P (8), I(8))},
we may deduce Hom(P, τ−3P (8)⊕E′2⊕ I(8)) have two orbits under action on AutΛ(τ−3P (8)⊕
E′2 ⊕ I(8)), One of the orbit corresponds to the morphism which factor through τ−3P (8). Thus
V (S, τ−3P (8)⊕ E′2 ⊕ I(8);P ) = {two points}.
Suppose X1 ∼= τ−3P (1) or X1 ∼= τ−3P (7) , then we know that X has four indecomposable
summands at least.
Suppose X1 ∼= τ−4P (1) or X1 ∼= τ−4P (7), then we have End(X) = 3.
Suppose X1 ∼= τ−5P (1) or X1 ∼= τ−5P (7), then P has the direct summand I(1) or I(7).
Suppose X1 ∼= τ−7P (1) or X1 ∼= τ−7P (7), we then have X ∼= τ−7P (1) ⊕ E′2 ⊕ I(1) or X ∼=
τ−7P (7)⊕E′2 ⊕ I(7). Since Ext1Λ(I(1), S) = Ext1Λ(I(7), S) = 0, we get that P is decomposable.
Therefore, in this case, P is the only possible extension of S by τ−3P (8)⊕ E′2 ⊕ I(8).
When X2 ∼= E′3, we get
X ∼= τ−3P (2)⊕ E′3 ⊕ I(2), or τ−3P (1)⊕ E′3 ⊕ τ4I(1), or τ−6P (1)⊕ E′3 ⊕ τI(1),
X ∼= τ−3P (6)⊕ E′3 ⊕ I(6), or τ−3P (7)⊕ E′3 ⊕ τ4I(7), or τ−6P (7)⊕ E′3 ⊕ τI(7).
Suppose X ∼= τ−3P (2) ⊕ E′3 ⊕ I(2), or τ−3P (6) ⊕ E′3 ⊕ I(6). Because Ext1(I(2), S)) =
Ext1(I(6), S)) = 0, I(2) or I(6) is a direct summands of P.
Suppose
X ∼= τ−3P (1) ⊕E′3 ⊕ τ4I(1), or τ−3P (7) ⊕E′3 ⊕ τ4I(7),
then we get dimEnd(X) = 3.
Suppose
X ∼= τ−6P (1)⊕ E′3 ⊕ τI(1), or τ−6P (7) ⊕E′3 ⊕ τI(7).
Then it follows from Ext1(τI(1), S) = Ext1(τI(7), S) = 0 that P is decomposable.
Thus P is not an extension of S by X1 ⊕ E′3 ⊕X3 either.
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If X ∼= X1 ⊕X2 ⊕X3 ⊕ X4 with Xi indecomposable for all i = 1, 2, 3, 4, then we have that
{X4,X3,X2,X1} is an orthogonal exceptional sequence. Thus C(X4,X3,X2,X1) is isomorphic
to kA˜3 − mod. Because X ∈ OE′1⊕E′2⊕E′3 and dimEnd(X) = 4, we see that {X1,X2,X3,X4}
are simple objects in C(X4,X3,X2,X1), and X1 ∼= τ−3P (7),X2 ∼= E′2,X3 ∼= E′3,X4 ∼= I(7) or
X1 ∼= τ−3P (1),X2 ∼= E′2,X3 ∼= E′3,X4 ∼= I(1). Therefore P must be decomposable. This also
gives a contradiction.
From above, we get
(p3|OE′
1
⊕E′
2
⊕E′
3
×OS
)−1(P )
= V (S,E′1 ⊕ E′2 ⊕ E′3;P ) ∪. V (S, τ−3P (3)⊕ I(3);P )
∪. V (S, τ−3P (5) ⊕ I(5);P ) ∪. V (S, τ−3P (8)⊕ E′2 ⊕ I(8);P ).
Since
dimkHomΛ(P,E
′
1) = dimkHomΛ(P,E
′
3) = 1, dimkHomΛ(P,E
′
2) = 0,
AutΛ(E
′
1 ⊕ E′2 ⊕ E′3) = {
 a 0 00 b 0
0 0 c
 |a ∈ Aut(E′1), b ∈ Aut(E′2), c ∈ Aut(E′3)},
we get
V (S,E′1 ⊕ E′2 ⊕ E′3;P ) = {1 point}.
Thereby (p3|OE′
1
⊕E′
2
⊕E′
3
×OS
)−1(P ) has the purity property.
Suppose P ∼= P1 ⊕ P2 with Pi indecomposable. Without loss of generality, we may assume
that P ∼= P (7)⊕ τ−3P (5).
Let X ∈ OE′1⊕E′2⊕E′3 \ OE′1⊕E′2⊕E′3 such that P (7)⊕ τ−3P (5) is an extension of S by X.
If Hom(X,P (7) ⊕ τ−3P (5)) = 0, then similar to the case P indecomposable, we can deduce
that P (7)⊕ τ−3P (5) is not an extension of S by X.
If Hom(X,P (7) ⊕ τ−3P (5)) 6= 0, we then get X ∼= P (7)⊕X2 or X ∼= τ−3P (5) ⊕ I(5) by the
AR−quiver of E˜7.
When X ∼= P (7) ⊕X2, it is easy to see that V (S,X;P (7) ⊕ τ−3P (5)) = V (S,X2; τ−3P (5)).
When X ∼= τ−3P (5)⊕ I(5), we get V (S,X;P (7)⊕ τ−3P (5)) = V (S, I(5);P (7)) = {1 point }.
Thus
(p3|OE′1⊕E′2⊕E′3×OS )
−1(P (7) ⊕ τ−3P (5))
= V (S,E′1 ⊕ E′2 ⊕ E′3;P (7) ⊕ τ−3P (5)) ∪. [X2](p3|OX2×OS )
−1(τ−3P (5)) ∪. V (S, I(5);P (7)).
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Let x12 =
[
1
0
]
, x23 =
 1 00 1
0 0
 , x34 =

1 0 0
0 1 0
0 0 1
0 0 0
 , x54 =

0 0
0 0
1 0
0 1
 , x65 =
[
0
1
]
,
x76 = 0, x84 =

1 1
0 1
1 0
1 1
 , and y12 =
[
1
0
]
, y23 =
 1 00 1
0 0
 , y34 =

1 0 0
0 0 0
0 1 0
0 0 1
 ,
y54 =

0 0 0
1 0 0
0 1 0
0 0 1
 , y65 =
 1 00 1
0 0
 , y76 =
[
1
0
]
, y84 =

1 0
1 0
0 0
0 1
 , then τ−3P (5) =M(x),
E′1 ⊕ E′2 ⊕ E′3 =M(y).
Since
HomΛ(τ
−3P (5)⊕ P (7), E′1 ⊕ E′2 ⊕ E′3)
= {(fi)i|f1 = a, f2 =
[
a 0
0 b
]
, f3 =
 a 0 00 b b
0 0 c
 , f4 =

a 0 0 0 0
0 0 0 a d
0 b b −b 0
0 0 c 0 0
 ,
f5 =
 0 a db −b 0
c 0 0
 , f6 =
[
a d
−b 0
]
, f7 = d, f8 =
[
a a
c 0
]
; a, b, c, d ∈ k},
and
AutΛ(E
′
1 ⊕ E′2 ⊕ E′3)
= {(hi)i|h1 = a, h2 =
[
a 0
0 b
]
, h3 =
 a 0 00 b 0
0 0 c
 , h4 =

a 0 0 0
0 a 0 0
0 0 b 0
0 0 0 c
 , h5 =
 a 0 00 b 0
0 0 c
 ,
h6 =
[
a 0
0 b
]
, h7 = a, h8 =
[
a 0
0 c
]
; a, b, c ∈ k, abc 6= 0},
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let eHomΛ(τ
−3P (5) ⊕ P (7), E′1 ⊕ E′2 ⊕ E′3) be the set of epimorphism from τ−3P (5) ⊕ P (7) to
E′1 ⊕ E′2 ⊕ E′3, we then have
eHomΛ(τ
−3P (5) ⊕ P (7), E′1 ⊕ E′2 ⊕E′3)
= {(fi)i|(fi)i ∈ HomΛ(τ−3P (5)⊕ P (7), E′1 ⊕ E′2 ⊕ E′3), abcd 6= 0}, and
eHomΛ(τ
−3P (5) ⊕ P (7), E′1 ⊕ E′2 ⊕E′3)/AutΛ(E′1 ⊕ E′2 ⊕ E′3)
= {(f˜i)i|f˜1 = 1, f˜2 =
[
1 0
0 1
]
, f˜3 =
 1 0 00 1 1
0 0 1
 , f˜4 =

1 0 0 0 0
0 0 0 1 d/a
0 1 1 −1 0
0 0 1 0 0
 , f˜5 =
 0 1 d/a1 −1 0
1 0 0
 ,
f˜6 =
[
1 d/a
−1 0
]
, f˜7 = d/a, f˜8 =
[
1 1
1 0
]
; a, d ∈ k, d/a 6= 0.}
Thus we get
V (S,E′1 ⊕E′2 ⊕ E′3, P (7)⊕ τ−3P (5)) = A1 \ {1 point}.
By [L4], we know that (p3|OX2×OS)
−1(τ−3P (5)) has the purity property. Since
(p3|OE′
1
⊕E′
2
⊕E′
3
×OS
)−1(P (7) ⊕ τ−3P (5)) = A1 ∪. [X2](p3|OX2×OS)
−1(τ−3P (5))
we can deduce that (p3|OE′
1
⊕E′
2
⊕E′
3
×OS
)−1(P (7) ⊕ τ−3P (5)) has the purity property.
Suppose that P ∼= P1 ⊕ P2 ⊕ P3 with Pi indecomposable for all i = 1, 2, 3. Without loss of
generality, we may assume that P ∼= P (7)⊕ τ−1P (7)⊕ τ−3P (6).
Let X ∈ OE′1⊕E′2⊕E′3 \ OE′1⊕E′2⊕E′3 such that P (7) ⊕ τ−1P (7) ⊕ τ−3P (6) is an extension of S
by X.
If Hom(X,P (7) ⊕ τ−1P (7) ⊕ τ−3P (6)) = 0, then similar to the case P indecomposable, we
can deduce that P (7)⊕ τ−1P (7) ⊕ τ−3P (6) is not an extension of S by X.
If Hom(X,P (7)⊕ τ−1P (7)⊕ τ−3P (6)) 6= 0, we then know that X contains a direct summand
P (7), or τ−1P (7), or τ−2(P (7)), or τ−2(P (6)), or τ−3(P (6)).
When X ∼= τ−2(P (7)) ⊕X2 with X2 indecomposable, we have
Hom(τ−2(P (7)),X2) = Hom((P (7)), τ
2X2) = 0.
Thus dimEnd(X) = 2, which gives a contradiction.
When X ∼= τ−2(P (7)) ⊕X2 ⊕X3 with X2,X3 being indecomposable modules, we then have
X2 ∈ T2.
Suppose X ∼= τ−2(P (7)) ⊕ E′1 ⊕ X3. Then End(X) = 3, it implies τ−2(P (7)) ⊕ E′1 ⊕ X3 /∈
OE′1⊕E′2⊕E′3 \ OE′1⊕E′2⊕E′3 .
Suppose X ∼= τ−2(P (7))⊕E′2⊕X3 (resp. X ∼= τ−2(P (7))⊕E′3⊕X3.) Then I(1) (resp. τI(7))
is a direct summand of X3. It implies that I(1) (resp. τI(7)) to be a direct summand of P. This
also contradicts to the assumption.
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Similarly, we may show that P is not an extension of S by X if τ−1P (7) or τ−2P (6) or
τ−3P (6) is a direct summand of X.
Let x12 =
[
1
0
]
, x23 =
[
1 0
0 1
]
, x34 =
 1 00 1
0 0
 , x54 =
 0 01 0
0 1
 , x65 =
[
0
1
]
,
x76 = 0, x84 =
 11
1
 , y12 = 0, y23 = 0, y34 = 0, y54 = 1, y65 = 1, y76 = 1, y84 = 0, and z12 =
0, z23 = 0, z34 = 1, z54 = 0, z65 = 0, z76 = 0, z84 = 1. We then have τ
−3P (6) = M(x), P (7) =
M(y), τ−P (7) = M(z), and P (7) ⊕ τ−P (7) ⊕ τ−3P (6) = M(w), where w12 =
[
1
0
]
, w23 =
 1 00 1
0 0
 , w34 =

1 0 0
0 1 0
0 0 0
0 0 0
0 0 1

, w54 =

0 0 0
1 0 0
0 1 0
0 0 1
0 0 0

, w65 =
 0 01 0
0 1
 , w76 =
[
0
1
]
,
w84 =

1 0
1 0
1 0
0 0
0 1

.
Because
HomΛ(P (7) ⊕ τ−P (7)τ−3P (6), E′1 ⊕ E′2 ⊕ E′3)
= {(fi)i|f1 = a, f2 =
[
a 0
0 b
]
, f3 =
 a 0 00 b 0
0 0 c
 , f4 =

a 0 0 0 0
0 0 a d 0
0 b −b 0 0
0 0 0 0 c
 , f5 =
 0 a db −b 0
0 0 0
 ,
f6 =
[
a d
−b 0
]
, f7 = d, f8 =
[
a 0
0 c
]
; a, b, c, d ∈ k},
and f5 is not a surjection. It implies there is no an epimorphism from P (7) ⊕ τ−P (7)τ−3P (6)
to E′1 ⊕ E′2 ⊕ E′3. Thus V (S,E′1 ⊕ E′2 ⊕ E′3;P1 ⊕ P2 ⊕ P3) = ∅.
Suppose P ∼= P1 ⊕ P2 ⊕ P3 ⊕ P4 with Pi indecomposable for all i = 1, 2, 3, 4. Without loss of
generality, we may assume that P ∼= P (7)⊕ τ−1P (7)⊕ τ−2P (7) ⊕ τ−3P (7).
Because Hom(P (7) ⊕ τ−1P (7) ⊕ τ−3P (7), E′2) = 0 and there is not an epimorphism from
τ−2P (7) to E′2, we have that P (7)⊕ τ−1P (7)⊕ τ−2P (7)⊕ τ−3P (7) is not an extension of S by
E′1 ⊕ E′2 ⊕ E′3.
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When m = p = 1, r = 2, let P be the extension of S by E′1 ⊕E′2 ⊕ 2E′3. Because 〈δ,dimS〉 =
〈δ,dimP 〉 = −4, we can deduce that P has four indecomposable direct summands at most.
Assume that P is also the extension of S by X with X ∈ OE′1⊕E′2⊕2E′3 \ OE′1⊕E′2⊕2E′3 . Then
there is an exact sequence
0 −→ S −→ P −→ X −→ 0.(36)
Because Hom(P, S) = 0, we deduce that Hom(X,S) = 0, Ext1(X,S) = k6. Applying
Hom(X, ) to (36), we get dimEnd(X) ≤ 6 + dimHom(X,P ).
Suppose P is indecomposable. We then have dimEnd(X) ≤ 6. Thus X /∈ OE′1⊕E′2⊕2E′3 . This
gives a contradiction.
Let x12 =
[
1
0
]
, x23 =

1 0
0 1
0 0
0 0
 , x34 =

1 0 0 0
0 1 0 0
0 0 1 0
0 0 0 1
0 0 0 0
0 0 0 0

, x54 =

0 0 0 0
0 0 0 0
1 0 0 0
0 1 0 0
0 0 1 0
0 0 0 1

,
x65 =

0 0
0 0
1 0
0 1
 , x76 =
[
0
1
]
, x84 =

1 1 0
1 0 0
0 1 0
0 0 1
1 1 1
1 0 1

, and y12 =
[
1
0
]
, y23 =

1 0
0 1
0 0
0 0
 ,
y34 =

1 0 0 0
0 0 0 0
0 1 0 0
0 0 1 0
0 0 0 1

, y54 =

0 0 0 0
1 0 0 0
0 1 0 0
0 0 1 0
0 0 0 1

, y65 =

1 0
0 1
0 0
0 0
 , y76 =
[
1
0
]
, y84 =

1 0 0
1 0 0
0 0 0
0 1 0
0 0 1

,
we then have P =M(x), E′1 ⊕ E′2 ⊕ 2E′3 =M(y).
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Since
HomΛ(P,E
′
1 ⊕ E′2 ⊕ 2E′3) = {(fi)i|f1 = x1, f2 =
[
x1 −x1
0 x2
]
, f3 =

x1 −x1 0 0
0 −x2 −x2 −x2
0 0 x3 x4
0 0 x5 x6
 ,
f4 =

x1 −x1 0 0 0 0
0 0 0 0 x1 −x1
0 −x2 −x2 −x2 x2 0
0 0 x3 x4 0 0
0 0 x5 x6 0 0

, f5 =

0 0 x1 −x1
−x2 −x2 x2 0
x3 x4 0 0
x5 x6 0 0
 , f6 =
[
x1 −x1
x2 0
]
, f7 = −x1,
f8 =
 0 x1 00 x3 x4
0 x5 x6
 ;x1, x2, x3, x4, x5, x6 ∈ k},
and
AutΛ(E
′
1 ⊕ E′2 ⊕ 2E′3)
= {(hi)i|h1 = a, h2 =
[
a 0
0 b
]
, h3 =

a 0 0 0
0 b 0 0
0 0 c e
0 0 f d
 , h4 =

a 0 0 0 0
0 a 0 0 0
0 0 b 0 0
0 0 0 c e
0 0 0 f d

, h5 =

a 0 0 0
0 b 0 0
0 0 c e
0 0 f d
 ,
h6 =
[
a 0
0 b
]
, h7 = a, h8 =
 a 0 00 c e
0 f d
 ; a, b, c, d, e, f ∈ k, ab 6= 0, cd − ef 6= 0},
let eHomΛ(P,E
′
1⊕E′2⊕2E′3) be the set of epimorphism from P to E′1⊕E′2⊕2E′3, we then have
eHomΛ(P,E
′
1 ⊕ E′2 ⊕ 2E′3) = {(fi)i|(fi)i ∈ HomΛ(P,E′1 ⊕ E′2 ⊕ 2E′3), x1x2 6= 0, x3x6 − x4x5 6= 0},
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and
eHomΛ(P,E
′
1 ⊕ E′2 ⊕ 2E′3)/AutΛ(E′1 ⊕ E′2 ⊕ 2E′3) = {(f˜i)i|f˜1 = 1, f˜2 =
[
1 −1
0 1
]
,
f˜3 =

1 −1 0 0
0 −1 −1 −1
0 0 1 0
0 0 0 1
 , f˜4 =

1 −1 0 0 0 0
0 0 0 0 1 −1
0 −1 −1 −1 1 0
0 0 1 0 0 0
0 0 0 1 0 0

, f˜5 =

0 0 1 −1
−1 −1 1 0
1 0 0 0
0 1 0 0
 ,
f˜6 =
[
1 −1
1 0
]
, f˜7 = −1, f˜8 =
 0 1 00 1 0
0 0 1
}
Thus we get V (S,E′1 ⊕ E′2 ⊕ 2E′3, P ) = {1 point}, and
(p3|OE′
1
⊕E′
2
⊕2E′
3
×OS
)−1(P ) = V (S,E′1 ⊕ E′2 ⊕ 2E′3;P )
has the purity property.
Suppose P ∼= P1 ⊕ P2 with Pi indecomposable. Without loss of generality, we may set
P ∼= τ−1P (7) ⊕ τ−4P (5).
If Hom(X,P ) = 0, it follows that dimEnd(X) ≤ 6 and X /∈ OE′1⊕E′2⊕2E′3 . This gives a
contradiction.
Thus Hom(X,P ) 6= 0, and we get τ−4P (5) ⊢ X or τ−1P (7) ⊢ X.
When X ∼= τ−4P (5)⊕X ′, we deduce that X ∼= I(8)⊕ τ2I(1)⊕ τ−4P (5). Thus
V (S, I(8)⊕τ2I(1)⊕τ−4P (5); τ−1P (7)⊕τ−4P (5)) = V (S, I(8)⊕τ2I(1)); τ−1P (7)) = {1 point }.
When X ∼= τ−1P (7) ⊕ X2, we get dimHom(X,P ) = 1 and dimEnd(X) = 7. We now set
X ∼= τ−1P (7) ⊕X2. It follows from dimHom(τ−1P (7),X2) = 1 that dimEnd(X2) = 5 and X2
is decomposable.
Assume that X2 ∼= X21 ⊕ X22 with X21 ∈ Pprep,X22 ∈ Pprei. By dimEnd(X2) = 5, we get
dimEnd(X22) + dimHom(X21,X22) ≤ 4. Based on Proposition 5.1.1, we have
0 −→ τ−1P (7) ⊕X21 −→ E′1 ⊕ E′2 ⊕ 2E′3 −→ X22 −→ 0.
Applying Hom( ,X22) (resp. Hom(E
′
1 ⊕ E′2 ⊕ 2E′3, )) to the sequence above, we get
dimHom(E′1 ⊕ E′2 ⊕ 2E′3,X22) ≤ 5 and dimHom(E′1 ⊕ E′2 ⊕ 2E′3,X22) ≥ 6.
This gives a contradiction. Thus X2 must contain one regular direct summand at least.
According to the AR−quiver of E˜7, we can deduce thatX ∼= τ−1P (7)
⊕
E′1⊕E′2⊕E′3
⊕
τ2I(7).
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Thus
p3|O⊕E′
1
⊕
⊕E′
2
⊕
⊕2E′
3
×OS
−1(τ−1P (7)⊕ τ−4P (5)) = V (S,E′1
⊕⊕E′2⊕⊕2E′3; τ−1P (7) ⊕ τ−4P (5))
∪. V (S, I(8) ⊕ τ2I(1)); τ−1P (7))∪. (p3|OE′
1
⊕E′
2
⊕E′
3
×OP (5)
)−1(τ−4P (5)).
By m = p = r = 1, we deduce that (p3|OE′
1
⊕E′
2
⊕E′
3
×OP (5)
)−1(τ−4P (5)) has the purity property.
So does p3|OE′1 ⊕E′2 ⊕⊕2E′3×OS
−1(τ−1P (7)⊕ τ−4P (5)).
Suppose P ∼= P1 ⊕ P2 ⊕ P3 with Pi indecomposable. Without loss of generality, we may set
P ∼= τ−1P (7) ⊕ τ−2P (7)⊕ τ−4P (6).
For any f ∈ Hom(τ−2P (7), E′2), we have S(6) ⊢ E′2/Im(f).
By Hom(τ−1P (7) ⊕ τ−4P (6), E′2) = 0, we deduce that τ−1P (7) ⊕ τ−2P (7) ⊕ τ−4P (6) is not
an extension of S by E′1
⊕
E′2
⊕⊕2E′3.
Similarly, suppose P ∼= P1 ⊕ P2 ⊕ P3 ⊕ P4 with Pi indecomposable, then we may show that
there is not an epimorphism from P to E′1
⊕
E′2
⊕⊕2E′3. Thus P is not an extension of S by
E′1
⊕
E′2
⊕⊕2E′3.
The proof is complete. 
Remark 7.1.1. Let P be a non-trivial extension of ⊕tS by the regular semi-simple objects in
Ti for some i.
Since
ZS,⊕(t−1)S;⊕tS = P
1,
P1 × (p3|OM∗O⊕tS )−1(P )
= ∪. P ′⊕L,L⊢M (p3|OM∗OS )−1(P ′ ⊕ L)× (p3|OP ′⊕L∗O⊕(t−1)S )
−1(P )
∪. (p3|O
P ′′⊕L′⊕I′,P ′′⊕L′⊕I′∈OM,L
′⊢M∗O⊕tS
)−1(P )× P1,
we have by induction on t and dimM that Proposition 7.1.1 is true when S is replaced by
⊕mS.
Proposition 7.1.2. Let i be a sink, and P,P ′ be pre-projective modules of kQ (except Q = E˜8),
and let M be a regular semi-simple module in Tj for some j, 1 6 j 6 l.
Then p3|OM∗OP
−1(P ′ ⊕ L) has the purity property, where L is a submodule of M in Tj.
Proof. Let P = ⊕a1P1
⊕⊕a2P2⊕⊕ · · ·⊕⊕atPt where Ext(Pu, Pv) = 0 for u < v and Pu is
indecomposable.
First, suppose that P = ⊕a1P1. Applying the reflection functor σi, we can turn the question
into the case of P = ⊕a1P (i). By Proposition 7.1.1 and Remark 7.1.1, the statement is true.
By the properties of pre-projective components, the statement above is true if M is replaced
by P ′ ⊕M , where P ′ is pre-projective.
Next, suppose that P ∼= ⊕a1P1
⊕⊕a2P2⊕⊕ · · ·⊕⊕atPt and t ≥ 2. Without loss of gener-
ality, we may only consider the case t = 2.
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Since
p3|OM∗O⊕aP1 ⊕⊕aP2
−1(P ′ ⊕ L) = ∪. P ′′⊕L′,L′⊢M (p3|OM×Oa1P1 )
−1(P ′′ ⊕ L′)× (p3|OP ′′⊕L×Oa2P2 )
−1(P ′ ⊕ L),
it follows from the case t = 1 that p3|OM∗O⊕aP1 ⊕⊕aP2
−1(P ′ ⊕ L) has the purity property. The
proof is complete. 
Dually, we have the following statement
Proposition 7.1.3. Let i be a source, and I, I ′ be pre-injective modules of kQ(except Q = E˜8),
and let M be a regular semi-simple module in Tj for some j, 1 6 j 6 l.
Then p3|OI∗OM
−1(I ′ ⊕ L) has the purity property, where L is a submodule of M in Tj .
Proposition 7.1.4. Let i be a sink, and P,P ′ pre-projective modules of kQ ( except Q = E˜8 ),
and let M be a regular module in Tj for some j, 1 6 j 6 l.
Then p3|OM∗OP
−1(P ′ ⊕ L) has the purity property, where L is a submodule of M in Tj .
Proof. By using induction on dimM, we prove that p3|OM∗OP
−1(P ′ ⊕ L) have purity property.
The case that M is a semi-simple object in Tj is proved in Proposition 7.1.2.
Assume that M is not semi-simple in Ti. Let M ′ be the direct sum of indecomposable
summands ofM with maximal length in the full subcategory Ti of Λ−mod. SetM2 = socTi(M ′).
According to Proposition 2.5 in [GJ], there is a regular moduleM1 in Ti such that gMM1M2 = 1.
Since {
OM1 ∗ OM2 = p3p2p−11 (OM1 ×OM2),
ZM,M1,M2 = p2p
−1
1 (OM1 ×OM2) ∩ p−13 (M) = {1 point },
and OM1 ∗ OM2 has only finitely many orbits, we thus get{
dimOM1 ∗ OM2 = dimOM ,
OM1 ∗ OM2 = OM .
(37)
Thus
p3|OM∗OP
−1(P ′ ⊕ L) = p3|OM1∗OM2∗OP
−1(P ′ ⊕ L)
= ∪. P ′′⊕L′,L′⊢M2p3|OM1∗OP ′′⊕L′
−1(P ′ ⊕ L)× p3|OM2∗OP
−1(P ′′ ⊕ L′).
Since M2 is semi-simple in the full subcategory, the disjoint union above makes sense. By
Proposition 7.1.2, we have that p3|OM2∗OP
−1(P ′′ ⊕ L′) has the purity property.
In addition, it follows from the induction hypothesis and the proof of proposition 2.5 in [GJ]
that p3|OM1∗OP ′′⊕L′
−1(P ′ ⊕ L) has the purity property.
Thus the proof is complete. 
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8. Proof of Theorem 5.1.1
8.1. The aim of this subsection is to prove Theorem 5.1.1.
Let Q be a tame quiver not of type E˜8.
Lemma 8.1.1. Let M and N be modules belonging to different nonhomogeneous tube Ti and Tj
in kQ−mod. Assume that OM and ON have the purity property. Then OM⊕N has the purity
property.
Proof. Set α = dimM,β = dimN, and X = OM⊕N . Let
P =
{(
A C
0 B
)∣∣∣∣∣
(
A C
0 B
)
∈ GLα+β , A ∈ GLα, B ∈ GLβ
}
.
Then P is a parabolic subgroup of GLα+β . It is well known that the closure Y of GLα+β/P has
the purity property.
Consider the natural projection
p : GLα+β/(AutΛ(M)×AutΛ(N)) −→ GLα+β/P.
It is easy to see that the fibre of p is P/(Aut(M)×Aut(N)). Thus we have a long exact sequence
. . . −→ H ic(Z,Ql) −→ H ic(X,Ql) −→ H ic(Y,Ql) −→ . . . ,
where Z is the closure of P/(AutΛ(M)×AutΛ(N)).
By the definition of AutΛ(M) and AutΛ(N), we have AutΛ(M) ⊆ GLα and AutΛ(N) ⊆ GLβ.
Therefore,
P/(AutΛ(M)×AutΛ(N)) ∼= GLα/AutΛ(M)×GLβ/AutΛ(N)×Πi∈Ikαiβi .
It follows that the closure Z of P/(AutΛ(M) × AutΛ(N)) has the purity property, since by
assumption the closures of GLα/AutΛ(M) and GLβ/autΛ(N) both have the purity property.
Now the desired result follows from the above long exact sequence. 
Note that HomΛ(M,N) is a subspace of Πi∈I Homk(k
αi , kβi). In the same way as in Lemma 8.1.1,
we have
Lemma 8.1.2. Let M and N be modules of kQ such that Ext1Λ(M,N) = 0,HomΛ(N,M) = 0.
Assume that OM and ON both have the purity property. Then OM⊕N has the purity property.
Proposition 8.1.1. Let M be a regular kQ-module in a nonhomogeneous tube Ti for 1 6 i 6 l.
Then OM has the purity property.
Proof. We use induction on dimM.
The case that M is a semi-simple object in Ti is proved in Lemma 6.1.1-Lemma 6.5.1.
Assume that M is not semi-simple in Ti. Let M ′ be the direct sum of indecomposable
summands ofM with maximal length in the full subcategory Ti of Λ−mod. SetM2 = socTi(M ′).
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According to Proposition 2.5 in [GJ], there is a regular moduleM1 in Ti such that gMM1M2 = 1.
It follows from (37) that OM1 ∗ OM2 = OM .
By induction hypothesis and Lemma 6.1.1-Lemma 6.5.1, we obtain OM1 and OM2 have the
purity property.
On the other hand, because there are finitely many orbits in OM2 , for any P ⊕R⊕ I ∈ OM2 ,
by proposition 7.1.4 and the proof of Proposition 2.5 in [GJ], (p3|OM1∗OP⊕R)
−1(P ′⊕R′) has the
purity property. So does (p3|OM1∗OP⊕R⊕I )
−1(P ′ ⊕R′ ⊕ I ′).
Thus
(p3|OM1∗OM2 )
−1(P ′ ⊕R′ ⊕ I ′) = ∪. P⊕R⊕I∈OM2 (p3|OM1∗OP⊕R⊕I )
−1(P ′ ⊕R′ ⊕ I ′).
Consider the proper morphism
p3 : p2p
−1
1 (OM1 ×OM2) −→ OM1 ∗ OM2 .
From the discussions above, we obtain that OM has the purity property. 
We now prove Theorem 5.1.1.
Proof of Theorem 5.1.1. By [L4] and [L5], OP (resp. Nw,3 OI) has the purity property. It now
follows from Proposition 8.1.1 that OM has the purity property.
According to Lemma 7.1.2, X = OP,M,w,I has purity property, the desired conclusion follows
from above. 
9. Application of Hs(Λ)
9.1. In [H], A.Hubery has proved the existence of Hall polynomials for tame quivers for Segre
classes. In this subsection, by using the extension algebras of singular Ringel-Hall algebras, we
give a simple and direct proof for the existence of Hall polynomials for tame quivers.
LetQ be a affine quiver . We define a new algebraHs,x1,x2,··· ,xt which is generated by {ui, u[M ], u[N ] :
i ∈ I,M ∈ Tj, N ∈ ⊕ti=1Hxi , 1 ≤ j ≤ l, }, t ∈ N, where xt are Fq rational points in P1.
We now give a new decomposition of Enδ as follows
Enδ = Enδ,1 + Enδ,2 + Enδ,3,
where
Enδ,1 = v
−n dimS1−n dimS2
∑
[M ],M∈C1
⊕
⊕xtHxt ,dimM=nδ
u[M ],(38)
CANONICAL BASES 65
Enδ,2 = v
−n dimS1−ndimS2
∑
[M ],dimM=nδ,
M=M1⊕M2,06=M1∈C1
⊕
⊕xtHxt ,06=M2∈C0\⊕xtHxt
u[M ],(39)
Enδ,3 = v
−n dimS1−ndimS2
∑
[M ],M∈C0\⊕xtHxt ,dimM=nδ
u[M ].(40)
Let w = (w1, · · · , wt) be a partition of n, we then define
Ewδ,3 = Ew1δ,3 ∗ · · · ∗Ewtδ,3.
Let P(n) be the set of all partitions of n, and 〈N〉 = v−dimN+dimEnd(N)u[N ]. Set
B′ = {〈P 〉 ∗ 〈M〉 ∗Ewδ,3 ∗ 〈I〉| P ∈ Pprep,M ∈ ⊕li=1Ti
⊕
⊕xtHxt , I ∈ Pprei,w ∈ P(n), n ∈ N}.
Similar to Theorem 4.1.1, we have the following:
Proposition 9.1.1. The set B′ is a Q(v)− basis of Hs,x1,x2,··· ,xt .
Theorem 9.1.1. Let Q be a affine quiver , let Pi (resp. Ri, Ii) be a pre-projective (resp.
nonhomogeneous regular, pre-injective) FqQ−module, and let Hi ∈ ⊕tj=1Hxj be a homogeneous
regular FqQ−module with xj being Fq− rational point in P1 for i = 1, 2, 3; t ∈ N. Let Xi =
Pi ⊕Ri ⊕Hi ⊕ Ii, i = 1, 2, 3.
Then there exists a Hall polynomial ϕX3X1X2(x) ∈ Q[x] such that
ϕX3X1X2(q) = g
X3
X1X2
.
Proof. Since
〈P1 ⊕M1 ⊕ I1〉 ∗ 〈P2 ⊕M2 ⊕ I2〉 = a312(v)〈P3 ⊕M3 ⊕ I3〉+ other terms,
and a312(v) ∈ Q(v), then we have
gP3⊕R3⊕H3⊕I3P1⊕R1⊕H1⊕I1,P2⊕R2⊕H2⊕I2
= vdimFqEnd(P3⊕M3⊕I3)−dimFqEnd(P1⊕M1⊕I1)−dimFqEnd(P2⊕M2⊕I2)−〈dimP1⊕R1⊕H1⊕I1,dimP2⊕R2⊕H2⊕I2〉a312(v).
Set
(∗) ϕ
X3
X1X2
(v2)
= vdimFqEnd(P3⊕M3⊕I3)−dimFqEnd(P1⊕M1⊕I1)−dimFqEnd(P2⊕M2⊕I2)−〈dimP1⊕R1⊕H1⊕I1,dimP2⊕R2⊕H2⊕I2〉a312(v).
On the other hand, we know that
vdimFqEnd(P3⊕M3⊕I3)−dimFqEnd(P1⊕M1⊕I1)−dimFqEnd(P2⊕M2⊕I2)−〈dimP1⊕R1⊕H1⊕I1,dimP2⊕R2⊕H2⊕I2〉a312(v)
takes the positive integer value while v2 takes infinite many positive integer values. Then
ϕX3X1X2(v
2) is a polynomial of v2 over Q. Thus the proof is complete. 
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